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1 Exercise

Prove (using Weierstrass’ e-0-definition of continuity) that f is con-
tinuous in R where

fR—=R x> 2% + 52 — 3

2 Prerequisites

2.1 Triangle inequality

Let a,, be a finite sequence of real values, hence a,, € RV0 < n < r with r < co.

Then it holds that
dan| <D lan|
n=0 n=0

3 Setting

So technically we need to prove

Vg € RVe > 030 >0Vz eR: |z —zo| <d=|f(z) — flzo)]| <e

4 Strategy

To prove this we want to find some § general enough such that it can be used
for all possible values of €. It is important for those kind of exercises to respect
quantifier order. Hence our very general ¢ is allowed to depend on zg, ¢ and (of
course) any constants, but not x, because it must hold for arbitrary z € R as
can be read from the setting’s expression.



5 o0<1

Assume that 6 <1 and |z — x| < 4. So

|z —zo| <6
|z —x0| <1
‘We can derive:
|| =]z — 20+ 20|

<lz—zo|+ w0

< 1

< + | o |
Inequality 2

6 Deriving a suitable 9
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~

We will start with the right-hand side expression of our setting. We want to get
rid of any x in this expression, because the resulting expression will be used as
our general 6. This can be done very easily because of Inequality 2. Furthermore
I point out that it is always possible to bring the resulting value closer to €. So
it is always fine to make the expression greater, but making it smaller is not

allowed.

|2x2+5x—3—2x3—5xo+3|
:|2x2+5x—2m%—5x0’
<2lzP+5|z]|—2|zo > = 5|0

<21+ |zo )2 +5(1 4|20 |) — 2|20 > — 5] 20|

= 2(1+2]wo |+ |20 |*) +5 45|20 | — 2| wo|* — 5|0
=2+4|zo|+ 2|20 [P +5+5]x0| —2]z0]* = 5|20
=2|z0|* — 2|0+ 4|20 | +5|z0| —5|zo| +2+5
=4|xo|+7

7 Selecting ¢

Choose ¢ :==min (1, ;==
? 4| xo ‘+7
the equation given in the setting.

[Triangle ineq.]
[Inequality 5]

). Then it can be proved that any x and z( satisfies



8 Proving correctness of

It is given that,

€
rT—xo|<min |1, —— 14
| 0| ( 4|$0|+7) 14

|2 — 20| (4] 20| +7) < min(4|zo | +7,¢) (15)

Because the previous display holds and min(4 | zg | + 7,¢) < € it certainly holds
that,

|z —zo| 4|z +7) <e (16)
|o—xo| |22 + 52 — 3 — 22§ — bz + 3| <¢ (17)
Because |z — 2o | < 1 it holds that,

| 22% + 5w — 3 — 2zf — Bag + 3| < ¢ (18)
| f(z) = flzo)| <e (19)

Our § always satisfies f(x) — f(zo) < € for all values of x,29 € R. So we
have just proved its correctness.



