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1 Course organization

This lecture took place on z2nd of Oct 2014.
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* linear optimization

+ algorithms for linear optimization
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* shortest path problem
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The lecture and therefore these lecture notes are heavily inspired by the book “Kombina-
torische Optimierung”.

Please send any bugs in these lecture notes to admin@lukas-prokop.at. This document is
released under the terms and conditions of Public Domain.
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2. Introduction

2.1 A generic combinatorial optimization problem

Synonym for “Instance”. Input, given.
Synonym for “Task”. Output.

An instance has a finite base set E = {e,,...,e,}. The set of valid solutions is a subset
F C2F = P(E). One valid solution is F € F.

c:F—> R,
F i c(F)
A taskis some F* € F with ¢(F*) = mingep ¢(F) (minimization problem). Some F* € F

with ¢(F*) = maxper c(F) is a maximization problem.

2.2 Possible common cost models

w:E— R,

e w(e)

Where w is called weight. Two common cost functions:

c(F) := Z w(e) (sum problem) (1)
eeF
c(F):= max w(e) (bottleneck problem) (2)

2.3 Problem 1: Drill machine problem
A drill machine must drill holes onto a board. Drill heads move vertically. Boards move hor-
izontally. Movements happen with constant speed. Movements can happen simultaneous.

Drilling is not considered as movement. With these assumptions the time necessary to drill

all holes is direct proportional to the path taken by the drill head and board.

production time oc path(drill head, board)
The time taken to move from hole 1 to hole 2 is

max{lxl - x7.|,|)’1 - yz|}

The total costs to drill all holes are:

n-—i1
D max{lxi = il 1yi = yiwl}

i=1



where the relative coordinates of n holes is denoted as (x;, y;) with1 < i < n and the holes
are drilled in order1,2,. . ., n.

Is m a permutation of {1,2,...,n} (r € S,). If holes are drilled in order 7, then
n-—i1

production time = Z max{|Xz (i) = Xxi+n s |Yn(i) = Yr(i+n |}

The drill machine problem as generic problem (sum problem):
¢ = production time
F=S,
c:8 = R,

n—i1

T Z max{|Xz@iy = Xx(i+n |, |Vr(i) = Yrcienl}
i=1

E={lo(P,P;):1<i,j <ni#j}

2.4 Problem 2: Scheduling problem

Given. We have m workers and n tasks. We assume that every task must be completed by some
worker. Not necessarily every task can by done by every worker. Let S; C {1,2,...,m} bethe
set of workers, that can complete job i; with1 < i < n. All workers of S; complete task i with
the same speed. Let #; be the required time to complete job i. Every task can be completed
by several workers. Every worker can work on several tasks, but 7ot simultaneously.

Find. Define a work schedule to minimize the total time to complete all tasks (bottleneck

problem).

We define #;; as the length of time interval in which worker j completes job i such that
ti = Yjes, tij Y1 < i < n. The work time of worker j is defined as 3’; jeg, #;,; and
time to complete is defined max, <j<pm,i;jes; 2, tij — min. The completeness time is called
“makespan”.

3 Partial enumeration

Given.n € N,n > 3, {py,p,,...,Pn} are points on a plane, d is the distance function

Find. a permutation 7* € S, with ¢(n") = X" deo (pr+ (i), p+ (i + 1)) minimized

L Letn(i)) =i,n*({)=i,V1i<i<ni=n-1
2. Letk =min({n(@Q) +1,...,n+1} \ {m(0),n(2),...,7(i = 1)})
3. if k < nthen

(a) Letm(i) =k

(b) ifi =nandc(n) < c(n*) thenn* =7

(c) ifi <nthensetm(i+1) =oandi=i+1

ifk=n+1theni=i-1
ifi > 1 then goto 2



3.1 Working principle

In every step the algorithm finds the (lexicograpical) next possible value for (i) without
duplicates of 7 (1), m(2),. .., m(i — 1). If this is impossible, then reduce i by 1 (backtracking
approach). Otherwise we set 71(i) to our new value k. If i = n then a new permutation is
given and costs are evaluated and compared, otherwise the algorithm tries all possible values
(i +1)...m(n) and starts with 7(i + 1) = o with i being incremented successively.

Hence the algorithm generates all permutations in lexicographical order.

3.2 Algorithm efficiency

The actual costs can only be computed relative to n. We define costs in terms of steps. One
step is defined as one arithmetic operation, assignment, comparison, logical statements, goto
jump or value lookup (“elementary step”, ES). We look at the algorithm in terms of costs:

. 2n+1ES
2. O(n) with helper vectors auxiliary(j) = 1if j < i.

3. Constant number of ES unless i = n, then 2n + 1 additionally. In any case not more
than < O(n) ES.

How often are steps 2 and 3 of the algorithm executed? O(n?) if new permutation is not
created (without backtracking) and O(n) with backtracking. In total O(1) every time O(n*)
(without backtracking) or O(n) every time O(n) each O(n*) (with backtracking).

So the algorithm has computational complexity of O(n* - n!) ES.

4 Analysis of algorithms

This lecture took place on 6th of Oct z014.

A finite, deterministic algorithm is a sequence of valid inputs and instructions which consists
of elementary steps such that the computational task gets completed for every possible input.
For every possible input the algorithm computes a finite, deterministic output.

Given. A sequence of numbers. If rational, then binary encodable:

e€’ —encodes 10g|a| +2

Logarithms are always considered with base 2 here.

Inputsize. We denote the size of the input for x with size(x). For some rational input x the
size(x) is the number of 0 and 1 in the binary representation.

1. Let A be an algorithm which accepts inputs x € X. Let f : N — R,.. If there is some
constant & > o, such that A V x € X terminates the computation after at maximum
a f (size(x)) elementary steps, we say “A has a time complexity of O(f)”.



2. An algorithm A with rational inputs has a polynomial runtime (or “is polynomial”)

iff dk € N,

(a) A hasa time complexity of O(nk)

(b) all intermediate values of the computation can be stored with O(n*) bits

3. Analgorithm A with arbitrary input is called szrongly polynomial it Ik € N, such that
A

(a) requires for every of n numbers of the input a runtime of O(n*)

(b) is polynomial for every rational input

4. An algorithm A which is polynomial, but not strongly polynomial, is called weakly
polynomial.

5. Let A be an algorithm which computes for every input x € X output f(x) € Y.
We state that A computes the function f : X — Y. Is a function computable by a
polynomial algorithm, we call it a polynomial computable function.

The runtime of a polynomial algorithm is a function of the input. The runtime of a strongly
polynomial algorithm is a function of the number of input elements.

Remark. Let A have runtime complexity O(n*). This means not all instances of input length
n require 6(n*) elementary steps. O(n*) is an upper bound (worst-case time complexity).

s Spanning trees and arborescences

G =(V,E) ee€Eise ={x,y} withx,yeV
where V(G) is the set of vertices of G and E(G) is the set of edges of G. One of the earliest

problems in combinatorial optimization is the computation of minimum spanning trees.
5.1 Minimum spanning tree problem (MST)

Given. Undirected graph G, ¢ : E(G) — (R)

Find. Find a spanning tree 7 with minimum weight ¢(T) = Y. c(e) in G or determine
“G is not connected”.

5.2 Maximum weight forest problem (MWF)

Given. Undirected graph G, ¢ : E(G) — (R)

Find. A spanning forest F (cyclefree subgraph with vertex set V(G)) with maximum weight

¢(F) = Z c(e) € G

ecF



5.3 Equivalence of problems

Two problems are called eguivalent if P is reducible to Q and Q is reducible to P. P is re-
ducible to Q, if there are two linear computable functions f and g such that

1. forevery instance I of P, f () is an instance of Q

2. for every solution L of Q, g(L) is a solution of P
f g
(P = QLf(D],L) — g(L)

5.4 MST and MWF are equivalent

Theorem 1. The MWF problem and MST problem are equivalent.

5.4.1 Reduce MWF to MST

MWEF is reducible to MST. Let (G, ¢) be an instance of MWEF. Remove all e € E(G) with
c(e) < o.Letc’(e) = —c(e) forall remaining edges of E(G). Insert a minimum set of edges
F with arbitrary weights, such that the resulting graph is connected. Denote this graph with
G'.

The computationally most intense task is insertion of the minimum set of edges. Determi-
nation of connected components is possible in linear time (eg. with DES).

Consider instance (G’, ¢”) of the MST problem. Let 7” be an optimal solution of MST with
(G, ¢").

Remove F of T’. Let T be the resulting subgraph. Show that T is a spanning forest with
maximum weight in (G, ¢). (F € E(T") results from the definition of F as minimum ...).
T must be spanning forest because 7’ is a spanning tree.

o(T) = =(c'(T") = ¢'(F)) = =c'(T") + ¢'(F)

¢’(F) is the constant available in all spanning tree of G’. If T” minimizes ¢’(T") such that T
of ¢(T') is maximized.

5.4.2 Reduce MST to MWF

Let (G, i) be an instance of the MST problem. Let

¢'(G) =K, —c(e)withK_ = nllsa()((;) cle)+1= c'(e) >oVe e E(G)

Consider (G, ¢”) asinstance of MWEF (linear runtime). Let F be a maximum weight spanning
forestin (G’,c¢’). Case distinction:

Fisnotatree: G isnotconnected

F is a spanning tree: F is the optimal solution of MST because

C(F)y= Y (K=c@) = (IVIG)I|-0K~ > ele) = (IV(G)|-DK ~c(F)

ecE(F) e+E(F)



Figure 1: Sketch for proof construction a = b

Theorem 2. (Optimality conditions.) Let (G, i) be an instance of MST and T be a spanning
tree in G. In this case the following statements are equivalent:

* T is optimal
* Ve ={x,y} € E(G)\ E(T): no edge of the x-y-path in T has greater weight than e

Ve € E(T): If C is one of the connected components of T\ {e}, then e is an edge
from 6(V(c)) with minimum weight.

« E(T) = {e,,e,,...,e,_} can be ordered such that Vi € {1,2,...,n — 1} thereisa
set X C V(G) such that e; € 6(X) with minimum weightand e; # 6(X) V) €
{1,2,...,i —1}.

Cut.
X cV(G)

0(X)={ecEG):|lenX]| =1}
Theorems3. a=>b=c=d = a.
5.43 a=b

c(e) = c(f) for every f in x-y-path in T, because otherwise T — e + f is a spanning tree
withc(T — e+ f) = ¢(T) — c(e) + c(f) < ¢(T) which contradicts.

5.4.4 b=c

Show Ve € E(T) : c(e) < c(f) Y f € 6(V(c)). Every edge e € T defines an cut
0(V(c)) = 6(e). Hence we improve the tree.

545 ¢c=d
Show there exists some weighted order and cuts with properties like in ¢. Select a random

order {e;,e;_,e;,eni}. Ve € {r,2...,n—1} consider cut 6(ce, ). It has the desired prop-
erties.

10



Figure 2: Sketch for b = ¢

5.4.6 d=a

Assumption E(T) = {e,,. .. e, } is satisfied.

Let T* be an optimal spanning tree such that i((T*) = min{h € {12,...,n—1} : e, ¢
E(T*)} is maximum.

We show i = 400 and hence 7* = T = T is optimal. Assumptioni < +oco. Then X C
V(G) with e; € 6(v) with minimum weight with e; ¢ 6(X) Vj < i.

Af # e; with f € T* N 6(X)

c(f) = cle;)
c(f) < cle)
= c(f) = c(e;)

T* - f +e; isan optimal spanning tree and hasi(T" — f +¢;) > i(T*). Thisisa contradiction.

5.5 Kruskal’s algorithm

This lecture took place on 7th of Oct z014.

Algorithm 1 Kruskal’s algorithm

Given. G is a connected undirected graph, ¢ : E(G) = R
Find. minimum spanning tree
: Sortedgesc(e;) < c(e,) < ... < clen) (m=|E(G)])
: SetT := (V(G),¢)
: forifromr1tomdo
if T U {e;} is cycle-free then
E(T) = E(T) U{ei}
end if

end for

N v R w N

Theorem 4. Krukal’s algorithm is correct.

II



From the previous theorem we can derive: Y e = {x,y} ¢ E(T)wecansayc(f) < c(e) ¥V f
edges from the x-y-pathin 7.

(x,y) =e ¢ E(T) = e; closes cycle with E(T) N {ey,...,e;_;}
= E(x—-y-patheT)C{e,...,ei}

= VfeEx-y-path):c(f) <cle)

Trivial implementation. O(m - n) because there are m iterations and per iteration one check
whether the current edge with the given T' (< n edges) creates a cycle (O(n) with DFS).

Definition 5. A digraph G is called branching, if it is cycle-free and every v € V(G) :
indegree(v) < 1.

Notation. indegree(v) = deg™ (v).

Definition 6. A connected branching is called arborescence. The vertex r with deg™(r) = o
is called 700r. An arborescence is the directed-graph equivalent of a rooted tree.

Notation.

o({vh) =6()
67(v) ={e=(v,y) € E(G)}
6 (v) ={e=(x,v) € E(G)}

Theorem 7. Let G be a digraph with 7 vertices. The following 7 statements are equivalent:

1. G isan arborescence with root r.

2. G isabranching with n — 1 edges and deg™ () = o.

3. G hasn — 1 edges and every vertices is reachable from .

4. Every vertex is reachable from 7 and removal of one edge destroys this property.

5. G satisfies 7 (X) # o VX C V(G) withr € X. The removal of one arbitrary edge
destroys this property.

6. 6 (r)=oand Yv € V(G) \ {r} 3 one distinct directed r — v-path in G
7. 67(r) =oand |6 (v)| =1VYv € V(G) \ {r} and G is cycle-free.

A proof for Theorem 7 is not provided. It will be provided in the practicals.

Theorem 8. Kruskal’s algorithm can be implemented with time complexity O(m log n).
Proof. The implementation keeps a branching B with

*V(B) =V(G)

* connected components of B vertex-correspond with the connected components of 7

]

12



How can we create such a branching?
1. At the beginning (after initialization): B = (V(G),0).
Be aware that checking whether {v,w} creates a cycle with T', consider that w must be in the

same connected component in 7" (or B). We can check this in O(log n).

In branching:

+ Letr, (ry,) be the root of v(w) contained solutions of B.
ry =Ty

The computational effort for checking is equivalent to the effort for the determination
of r, and r,, which is proportional to the sum of the lengths of r, -v-path or r,,-w-
pathin B.

Hypothesis 9. In B it holds that 2(r) < logn for every root r where h(r) is the maximum
length of an r-v-path in B.

h(r,) - h (I‘y)
Figure 3: Branching insertion operation

Proof. Induction over number of edges in B.

Base. For zero edges this is trivial to prove.
Step. We will add a new edge {x,y} and beforehand i(r) < logn is satisfied. We have to
show that i(r) < logn is satisfied after the insertion of {x,y}.

Case distinction:

* h(rx) = h(ry). Insert (ry,ry) or (ry,ry) In the figure we have to ensure i(ry) <
logry © my < 211,
h(re) = h(ry) +1
Ny =Ny + Ny > ) 4 hry)
_ ) ks
— Zh(rx)

3



* h(ry) < h(ry). Insert (ry,ry).
fz(ry) = h(ry)

My =1y 22" = 210ry)

5.6 Prim’s algorithm

Algorithm 2 Prim’s algorithm

Given. G is a connected undirected graph, ¢ : E(G) — R
Find. minimum spanning tree

r SetT = ({v},o) foran arbitrary v € V(G)

2. while V(T') # V(G) do

3: Select one edge e € 6 (V(T)) with minimum weight
4: T:=T+e
s: end while

Theorem 1o0. Prim’s algorithm is correct and can be implemented with time complexity of
O(n*). Correctness follows from theorem 2.2.d (a = b = ¢ = d = a): Spanning tree is
optimal & order of edges e;,. . .,e,—; such that Vi € {1,2,...,n -1} 3x; € V(G) with
e; € 6(X;) is the minimum edge in 6(X;) and e; ¢ 6(X;) is the cheapest edge of 6(X;) and
ej ¢ 6(X;) V1< j <i—1 Thisis satisfied by construction.

The desired order (or cuts) will be created by the algorithm.

Time complexity. The number of iterations is the number of edges in the tree which is n — 1.
We have to show that every iteration is completed in O(n) time.

Maintain a list of candidate edges: ¥ w ¢ V(T is the candidate edge K (w) the minimum
edge between w and V(T'). In the general case we add the minimum edge K (w) Vw ¢ V(T)
(T =T + k(w)).

Definition 1. [V(G) \ V(T)| = O(n) can be computed in O(n) time.

Update of candidate edges: If vy wasadded to T'in thelastiteration then compare ¢ (v, w), c(k(w))
and if c(vg, w) < c(k(w)) then k(w) = (vi,w). This requires O(n) time.

Theorem 12. Is Prim’s algorithm implemented with Fibonacci-Heaps we can solve the MST
problem in O(m + nlogn) time.

o) O(m + nlogn) m = 0(n*) G is dense
A proof for Theorem 12 is not provided.
6 Number of spanning trees

This lecture took place on gth of Oct 2014.

Theorem 13. (Arthur Cayley) The complete graph K}, has n” ™ spanning trees.

14



Proof. (J. Pitman, Coalescent random forests, Journal of Combinatorial Theory A 85, 1999,
165-193) Double-counting approach counting the number of labelled rooted trees (LRT). In
labelled trees every edge has a label. Two LRTs are equivalent if and only if their tree structure
is the same and labels are equivalent.

1. Let 7(n) be the number of spanning trees in K, . Every tree can have n root candidates
and (n —1)! labels. In conclusion we can create n- (n —1)! - 7(n) LRTs with n vertices.

2. Insert edges successively such that adding n — 1 vertices creates a LRT. For one edge we

have ...
n(n—1)

2 - = n(n — 1) possibilities

We added k edges (k < n—1). Followingly the graph has n — k connected components
withn,,n,,. .., 1y, vertices each. Every connected componentisa LRT. If the k +1-
th edge to be added starts at component 1, then this edge must have the root as source.
This edge can have every other vertex as destination. There are n — 1, possible such
edges. In total we start with an arbitrary component and get:

m-n)+m-nm)+...+(n—ny_x)=nn—-%k)—n

This is the number of possilities for edge k + 1. In total for all # — 1 edges to add:

n— n—

]_[(n-(n—k)—n) = l_[n(n—k—l) = " (n —1)
k=0 k=0 1<t<n-1

It holds:
nn-0!é(n) =n""'(n-1)!=6(n)=n""7

6.1 Minimum Weight Arborescence Problem (MWA)

Given. Digraph G = (V,E),c : E(b) > R

Find. Spanning arborescence with minimum weight or claim A spanning arborescence in G
6.2 Minimum Weighted Rooted Arborescence Problem (MWRA)

Given. Digraph G = (V,E),r € V(G),c: E(G) - R

Find. Spanning arborescence with root r and with minimum weight in G or claim A span-
ning tree with root ¥ in G

6.3 Maximum Weighted Branching Problem (MWB)

Given. Digraph G = (V,E),c : E(G) - R

Find. Branching B with maximum weight

15



6.4 Equivalence of MWA, MWR A and MWB
Hypothesis 14. The three problems MWA, MWR A and MWB are equivalent.

Partially the proofis given in the practicals.

Proof. We assume without loss of generality that c(e) > o Y e € E(G) because negative
edges cannot occur in a maximum branching.

deg”(v) <1Vv e V(G)
Greedy approach: Vv € V(G) select one e, € argmax{c(e) : e = (x,v) € E(G)} let
B :={e, :veV(G)}.

If B, is cycle-free: B, is branching with maximum weight. Otherwise cycles have to be

avoided / destroyed.

Theorem 15. Let B, be a subgraph of G with maximum weight and deg_B0 v) <1Vv e
V(G). Then Jan optimal branching B € G with properties V cycleC € B, : |[E(C) \ E(B)| =

I

Proof. Assumption. Such an optimal branching B does not exist.

Let B be a maximum branching in G with maximum number of common edges with B,.
Let C beacyclein B, with | E(C) \ E(B)]| = 2.

E(O)\ E(B) = {(a:,b),(a,,b,),. .., (ar,bi)}

in order they appear inside the cycle.

Hypothesis 16.
Y1<i<k3Ab; — b, — pathin B(b, = by)
a, b, 4,
b,
by
Ak
Figure 4: Red cycle
The existence of a red cycle in B shows a contradiction. O

Consider a fixed i € {1,2,...,k}. Let B be a subgraph of G with V(B/) = V(G) and
E(B]) ={(x,y) € B:y # b;} U{(a;,b;)}. If so, then ¢(B}) > ¢(B) and thus B] would
be an optimal branch with one common edge (a, b) more in B,,. This is a contradiction.

B is no branching. So there is a cycle in B/, which contains (a;, b;). So a b;-a;-path in B; is
exists in B. m]
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This b;-a;-path does not exist in C. Otherwise he would be forced to use an edge (a;,b;)
which he is not allowed to do so, because (a;, b; )AB.

Let e = (x,y) be the last edge of the b;-a;-path which is outside of the cycle. y = b; must
hold because otherwise there are two discharging edges in B, which is a contradiction.

6.s Edmonds’ branching algorithm (1967)

Algorithm 3 Edmonds’ branching algorithm (book: page 153)

Given. Digraph G, weights ¢ : E(G) — R,

Find. A branching B of G with maximum weight

Remark: a(e,C) is the edge (u,v) inside C, which shares v as destination with e but not u.
Yi(e) is the edge e in the iteration i of the algorithm.

Seti:=0,G, := G,c, := cC.
Let B; be a subgraph of G; with maximum weight and ‘65'_ (v)| < 1forallv € V(B;)
if B; is cycle-free then
B := B;goto18
end if
Let C be the set of cycles in B;. Select one C € C.
Let V(Giy) := CU (V(Gi) \ Ucec V(O)).
fore = (v,w) € E(G;) do
e’ =W,w') e EG;y)
;.. (e’) := e where
v/ =CifveV(C)forC e Cand v =vifv ¢ Ucec V(C) and
w' =Cifw e V(C)forC € Cand w =wifw ¢ Ucec V(O).
u: end for
n: Let E(Giyy) :={e/ = (v, w') : e € E(G;),v #w'} > (parallel edges might occur)
i: fore = (v,w) € E(G;) withe’ = (v/,w’) € E(G;4,) do
14: cin(e):=ci(e)ifw ¢ C
15: cin(e’) = ci(e) — ci(a(e,C)) + ci(ec)
iftw” € C € Cwherea(e,C) € 6. (w) and ec is the cheapest edge of C.
16: end for
172 Seti:=i+1goto2
8: whilei > o do
19: B’ := (V(Gi-,),{®i(e) : e € E(B)})
20: for every cycle C of B;_; do

2 ® N v R ow N o=

—
Q

21 if some edge e € 65,(V(C)) exists then

22: E(B’) := E(B") U (E(C) \ {a(e,C)}) > Delete a (e, C)

23: else

24: E(B’) := E(B) U (E(C)\ {ec}) > Delete cheapest edge in cycle
25: end if

26: end for

27: B = Bl

28: I:=i—1

29: end while

A contraction is the process to replace several vertices C with a single new vertex v’. Handling
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edges must be defined explicitly, but in general it works something like
G =V {vv)|(v,u) e EAue CYU{(v',v)|,(v,u) € EAv e C}).

Theoremr7. Edmonds’ Branching Algorithm is correct and computes the branching of max-
imum weightin O(m - n).

Proof. The algorithm constructs a sequence of graphs G, = G, G, . . ., G are edge-weight-
free co = ¢,cy,. . ., ¢k until the “greedy solution” in the current G is also a branching ( By ).
Then the algorithm transform this By into a branching By 4, in G successively until G,. It
suffices to show that the transformation of a branching B; into B;,, provides a branching.
With induction it immediately follows that the B, branching in G, = G.

Let B; be a branching in G. We show that the algorithm’s B}_ is an optimal branching in G;
with [ E(C) \ E(B;_,)|.
The number of cycles C in B;_; = 1(B;_, exists according to our previous theorem).

We derive B from B]_ by the constructed cycle of B;—,. Then B is a branching in G;.

(Bl =ciBD+ > (era(C) = era(e(C)))

C’cycleeB;
ci—(B;) = ¢;i(B})
Gia(BL) S ci(B)+ ), [ain(C) = e(e(C))]
C'oydleeB;
= ¢i—1(Bi-1)
so B; is an optimal branching of G; according to the induction hypothesis.

Runtime analysis. 7 iterations, O(m) time per iteration O

7 Shortest path problems in graphs

This lecture took place on 13th of Oct 2014.

Given. G = (V, E) is a digraph.

A sequence of vertices v;,V,,. . ., Vi is called edge sequence if (vi,vin) € E(G) V1 < i <
k — 1. A sequence of vertices vy, ..., vk such that Ve € E(G) there is at most one index
1<i < k—1withe = (V;,V;4,) is called a walk. A walk which does not use any vertex twice

is called path.

We distinguish between inner vertices and end vertices. A path with end vertices # and v is
au-v-path. Let P = (v,...,vk) av-v,-pathand1 < i < j < k. Then compute only
(v,~,v,~+1,. .. ,Vj) as P[v,-,v_,»]~

A cycle (a path with the same start and end vertex) is a closed path. Let s,t € V(G) then

length (number of edges) of the shortest s-¢-path in G
+00 As —t — path

d(s,t) := {

18



Ifc € E(G) >R

dS(s,t) = Ylecp c(€) where P is the shortest path in G with ¢
, +eo As —t — path

7.1 Single source shortest path problems (SSSP)

Given. G = (V,E) isadigraph, ¢ : E(G) = R,s € V(G)
Find. Vv € V(G) find a shortest s-t-path in G

Consider a digraph G where c(e) = —1 Ve € E(G) and 5,t € V(G). The shortest path is
to visit all edges infinitely. A s-¢#-path has at maximum n — 2 vertices

> d%(s,1) > —(n—1)
d®(s,t) = —(n — 1) © IHamiltonian s — t-pathin G
Detection of Hamiltonian paths is a NP-complete problem.

Definition 18. A weighting w in a graph D is called conservative, if the sum of weights in
every cycle of D is non-negative. In other words:

- A negative cycles in G.

* Let K be the set of cycles in a graph G. For every cycle C € K, w(C) > o holds with
w(C) = YecE(C) C(€).

* In case of digraphs, directed cycles have to be considered.

Remark. Analogous problem in undirected graphs are in general more difficult that in di-

graphs.
If c(e) = o ¥ e € E(G) the graph can be transformed into a digraph.

Theorem 19. Let G be a digraph with conservative weights. ¢ : E(G) — R. Let s,w €
V(G) and k € N. Let P be the shortest among all s-w-pathes with at most k edges. Let
e = (v,w) be the last edge of P. Then PJ;,,,] is the shortest s-v-path with at most (k — 1)
edges.

Proof. We assume 3 s-v-path Q with ¢(Q) < c(Pyy,v]). Case distinction:

. w ¢ V(Q). Consider s-w-path P, as chain of Q with (v,w). Then
c(P) =c(Q) +c(v,w) < c(Prspy)) +c(v,w) = c(P)

This is a contradiction.

c(Qrsw)) = (@) —c(Qrwv) = c(Q) +e(w,w) = [c(Qw,v) +c(v,w)]

C(P[.v,v])
< o) = (c(Qun)) +c(v.w)) < c(Pe)
——
Prs,v)(v,w) cycle K

We select P because Q[ ] is shorter than P and has at most k — 1 edges as part of a
s-v-path Q. This is also a contradiction.
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In the following we assume c(e) > o Ve € E(G).

7.2 Dijkstra’s algorithm for SSSP

Algorithm 4 Dijkstra’s algorithm
Given. G = (V,E) isadigraph. ¢ : E(G) = R",s € V(G)
Find. A shortest path of s tov, ¥ v € V(G). Let [(v) be the length of a shortest path s — v
in G and p(v), such that p(v) is the predecessor of v of the shortest s-v-path in G provided
by the algorithm Vv € V(G). If v is not reachable from j, then [(v) = +o00 and p(v) is not
defined.
: Letl(s) =0,l(v) =0 Vv e V(G) \ {s},p(s) =0, R={}

Findv € V(G) \ RwithI(r) = min{e(x) : x € V(G) \ R}
LetR=RU {v}
forw € V(G) \ R with (v,w) € E(G) do

if [((w) > 1(v) + c(v,w) then

{Iw) :=1v) + c(v,w); p(w) = v}

end if
end for
if R # V(G) then go to2
end if

2 2N v R ow R

~
Q

Theorem 20. Dijkstra’s algorithm is correct and can be implemented in O(n*).

Proof. The following statements are invariants of the algorithms:

L. YveV(G)\{v}withl(v) < +ooresultsin p(v) € R,e(p(v)) +c(p(v),v) =1(v)
and v,p(v),p(p(v)),. .. contains 1.

2. Vv € Ritholds that /(v) = dist'@ ) (s,v).
Why?

* After step 1 of the algorithm, both invariants are inherently satisfied. In step 4 we
update/(w) and p(v) = vforsomev € Randalsol(u) = I(v)—c(v,w) = [(p(w))+
c(p(w),w). v,p(v),...contains s because at the beginning s was the only vertex with
e(...) < oo,

* 5 € Rholds c(s) = o = C(shortest path). Induction over | R|

induction base R = {s} (trivial).

induction step Statement is satisfied until the execution of step 3. We have to show
that the statement holds after step 3. We assume that this statement is not satis-
fied. Then for v in step 3 there is some s-v-path P in G with ¢(P) < [(v). Lety
be the first vertex in P which is part of (V(G) \ R) U {v} and x is the predecessor
of y in P. Then it holds x € R in P. From the induction assumption if follows
that dest® € (s, x) = 1(x).

I(y) < 1(x) + c(x,y) = destT € (5,x) + c(x,¥) < ¢(Ps.y)) < c(P) < [(v)
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This is a contradiction. Directly after R = R U {x} it holds that after execution
of step 4 of the algorithm [(y) = I(x) + c(x,y). Followingly /(x) does not
change any more because x € R and /(y) can only be reduced.

7.2.1  Analysis

O(n*) because we have 7 iterations and an effort of O(n) per iteration.

Theorem 21. (Fredman and Tarjan, 1987) A Fibonacci-Heap implementation of Dijkstra’s
algorithm runs in O(m + nlogn) time.

A proof for Theorem 21 is not provided.

For planar graphs Dijkstra’s algorithm can be implemented with O(n) time (Henzinger,
1997). For weights of integers > o it can be implemented in O(#) (Thomp, 1999).

7.3 Moore-Bellman-Ford algorithm

Algorithm 5 Moore-Bellman-Ford algorithm
Given. A digraph G = (V, E), conservative ¢ : E(G) = R, s € V(G)
Find. [(v), p(v) like Dijkstra’s algorithm Yv € V(G)
v I(s) =0, I(V):=00V¥veV(G)\{s} p(s)=o
2 fori =1ton—1do
3 for (u,w) € E(G) do
if [(w) > I(u) + c(u,w) then

4

5 L(w) = 1(u) + c(u,w)
6: pw):=u

7 end if

8 end for

9: end for

7.3.1  Analysis
Theorem 22. The Moore-Bellman-Ford algorithm is correct and has runtime O(nm).

We have O(n) iterations and need O(m) time per iteration.

This lecture took place on 14th of Oct 2014.

Proof. Let R := {v € V(G) : [(v) < +oo} and F := {(x,y) € E(G) : x = p(y)}. The

following statements are invariants of the algorithm (even for non-conversative weights):

L I(y) 2 1(x)+c(x,y) V(x,y) €F

2. If F contains a cycle K, then K has a negative weight c(K) < o.
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Assumption. A cycle K in F is created by insertion of edge (x,y). At this point in time
p(y) = x will be set in the second step. Before [(y) = I[(x) + c(x,y) was set because
previously it holds that /(y) > I(x) + c(x,y) ¥V (v,w) € Fand [(w) > [(v) + c(v,w).

Vi Vv,
=x=vl,

Figure s: Cycle creation by edge insertion

D@D =10+ D 1) +euv) = D [0 +civin)]
i=1 I=Li#2 i=1,i#2

S Zn: I(v;) > Zn: I(vi) + Zn: c(Vi,Vit)

i=1
n

& Ck) = Z c(vi,vis)) <0

i=1

Hence if ¢ is conservative, then F is cycle-free.

xXeER=I(x) <oo=I(p(x)) <o = p(x)€R
= p(p(x) € R) until s

Followingly ¥V x € R3some s-x-pathin (R, F) and F is cycle-free. We conclude that (R, F)
is some arborescence with root s.

Hypothesis 23. After k iterations the length (sum of weights) of the shortest s-x-path with
atmost k edges is at least [(x) ¥V x € R.

We prove it by induction over k. Let Py x be the s-x-path in (R, F).
[(x) 2% I(p(x)) + c(p(x),x) 2% I(p(p(x))) + c(p(p(x)),p(x)) + c(p(x),x)

>4 > (s) + Z c(e) = c(Psx) VxR

e€Pg x

Induction base. For k = 1all edges start at the same vertex.

[(v) =1(s) +c(s,v) thusI(v) = ¢(s,v) Yvwithl(v) < o0
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Induction step. Assumption. Assumption holds after k iterations.
Show. Assumption holds after k + 1 iterations.

Let P be a shortest s-v-path with at most k + 1 edges. Let (w, x) be the last edge in P.
From the proposition 19 (every subpath of the shortest path is also a shortest path) it
follows that P ] is the shortest s-w-path with at most k edges.

L(w) < c(Ps,w))
Iteration k + 1 will also analyze (w, x). Followingly it must hold that
I(x) <Iw) +cw,x) < c(Pg,w) +c(w,x) = c(P)

From the proofs of both previous assumptions we conclude that at termination it

holds that
[(x) = length of the shortest s-x-path with at most (n — 1) edges
= length of the shortest s-x-path (conservative!)

Remark. (R, F) is the so-called “shortest paths tree”.

8 Potential

Definition 24. Let G = (V, W) be a digraph withc : E — R.
A mapping 7 : V(G) — Rwith c(u,v) + n(u) — n(v) > o ¥ (u,v) € E(G) is called
“potential”.
Theorem 25. Let G be a digraph with ¢ : E(G) — R. A potential of (G, c) exists iff ¢ is
conservative.
Proof.

= dpotential 7 = c is conservative

Let k be a cycle

l

l
cty= > cle) = civin) = Y [c@vis) + 1) =7 (vis)] 2 0

ecE (k) i=1 i=1
& cis conservative = 3 potential

Apply Moore-Bellman-Ford algorithm to (G,i) where V(G) = V(G) U {s} and E(G) =
EG)U{(s,v): Yv e V(G)}.

—_ . [ cle) e€EG
c(e)—{ o e:(s,v)\lveV(G)}

Let[(v) Vv € V(G) be the output.
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cv,w)+I(v)=Il(w) >0
Iw) <I(v)+clv,w)
O

Remark. The Moore-Bellman-Ford algorithm (as shown above) can be used to determine
whether ¢ is conservative and possibly to compute a potential.

Theorem 26. Let G = (V, E) be a digraph with ¢ : E(G) — R. The Moore-Bellman-Ford
algorithm can either determine a desired potential or find a negative cycle in O(m - n) .

Proof. We apply Moore-Bellman-Ford algorithm to (G, i) asshown aboveand retrieve [(v) Y v €
V(G).
If [ is a potential, we are done.

Otherwise I(u,w) € E(G) with c(u,w) + I[(u) < [(w) = [(u) was changed in the last
iterations = [(p(u)) was changed in the last 2 iterations = I(p(p(u))) was changed in the
last 3 iterations. It holds that the length (. . .) of each of these vertices was changed while the
algorithm was running.

w,u,p(u), p(p(w)), p(p(p(u))),. ..

Because e(s) was not changed, {w,n,p(u),...,p(...p(u)...)} must contain a cycle. K in
F = c(k) < o from invariant of b of the previous proof 3.3. O

9  All Pairs Shortest Paths Problem

9.1 All pairs shortest paths problems (APSP)

Given. G = (V, E) is a digraph. Weights ¢ : E(G) — R are conservative

Find. Find numbers s ; and vertices ps,; Vs,t € V(G) such that [, is the length of a
shortest s-t-path in G and (ps,;, 1) is the last edge of the shortest path.

This is solvable with n repetitions of the Moore-Bellman-Ford algorithm for each vertex:
O(n* - m) runtime or find potential 7 with Moore-Bellman-Ford algorithm

c(u,v) :=cu,v) +n(u) —n(v) 2oV (u,v) € E(G)

For every s-x-path P in G it holds that

[—1 -1

c(P) = Z cisvin) = Z[C(Visviﬂ) + (Vi) = w(Vis)]

i=1 i=1

-1
= Z ci,vig) + (m(v) = (v,) + 1 (vy) + ...+ (v — (V)

=c(P)=n(;) —n(v;) =c(P) +n(s) —m(v)
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min C(P) = R min ) [E(P) — n(s) + m(x)]
:s—x—pat

= min C(P) + n(x) — n(s)
P:s-x-path

Apply Dijkstra’s algorithm with (G, ¢) for every vertex: O((m + nlogn) - n) (best known
complexity).

9.2 Floyd-Warshall algorithm

Algorithm 6 Floyd-Warshall algorithm
Given. G = (V,E) isadigraph, ¢ : E(G) — Ris conservative, n = |V(G)|
Find. Matrices (/; j)1<i,j<n and (p;, j)i<i,j<n Wherel; ; and p; ;

I Letli,j =G V(l,]) € E(G)

2 1 j=+0o VYV (i,j) € (V(G) X V(G)) \ E(G) withi # j

3 li,i =oVieV(G)

v Py =i (Q,)) € V(G)

5. forj =1tondo

6: fori =1tondo

7: if i # j then

8: fork =1tondo

9: if k #i Ak # jthen
10: if(li’k > li’j +lj’k)then
I li,k = li,j + ljyk
12: Pik = Pj.k

13: end if

14: end if

1s: end for

16: end if

17: end for

18: end for

Theorem 277. The Floyd-Warshall algorithm works correctly and has a runtime of O(n?)

Proof. Proving O(n?) is trivial.

After execution of the most-outer loop j itholds that Vi, k : [; i is the length of the shortest
i-k-path whose inner vertices are from {1,2,. . ., jo } and where (p; ., k) is the last edge.

Induction over j,.

Induction base. j, = o means considering only paths without inner vertices

Induction step.
Assumption. Hypothesis holds for j, € {1,2,...,n -1}
Show. Hypothesis holds for j, + 1. Execute outer loop with j = j, +1

Lik > lijor H sk = lik = lijor + Ljorgks Pk = Pl
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If P; j +1 and Pj_ 4 i are vertex-disjoint the assumption holds. But P; j 4, and Pj 4k can
only be vertex-disjoint otherwise we will get a contradiction.

Assumption. P and Q are not vertex-disjoint.

Remove the maximum (= inclusive maximal) closed walk from P U Q. This walk has weight
> o (as union of cycles with c are conservative). Maintain a i-k-path R with inner vertices
from {1,2,. .., Jo} and it holds that

C(R) + C(ClOSCd Walk) = li’joﬂ + lj0+1’k = C(R) < li’j0+1 + l]'0+I’k < li,k

10 Cycles with minimum mean edge weight
This lecture took place on z1st of Oct z014.

10.1  Minimum mean-cycle problem (MMC)
Given. Digraph G; € t(G) — R.

Find. Cycle k with mean edge weight minimizing

c(E(k))
|E(K)|

or decide “A is acyclic”

Remark. G is strongly connected <
Yu,veV(G) u#v
Adirected u-v-path and 3 directed u-v-path

Strongly connected components can be computed in O(n+m) with any searching algorithm
in G. Without loss of generality: G is strongly connected, otherwise solve MMC in every
strongly connected component.

Let s be a vertex in G such that 3 s-v-path Yv € V(G).

Theorem 28 (Karp 1978). Let G be a digraph with ¢ : E(G) — R. Let s € V(G) such that
Vv e V(G) \ {s} I directed s-v-path in G.

VxeV(G)VK eZ, :

k
Fg(x) := min {Z c(Vi—, Vi) 1V = 8,V = X,(vi—,vi) € E(G), V1 <i < k}

i=1

If there is no sequence of edges of length k from s to x, then Fx (x) = oo. Set u(G,c) be
the minimum mean edge weight of a cycle in (G, i) and (G, c) = oo if G is acyclic. Then it
holds that

G.o)= min  max = F
& X€V(G) o<k <n-1 n-—k
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1. If Gis acyclic, u(G,c) = oo.

Hypothesis 29.
Fal) = Fetv) _

VXGV(G)ZO<k<n_ n-k

Proof by contradiction.

F, - F
dx € V(G) with  max M < 00
o<k <n-1 n—k
& F,(x) is finite
= edge repetition in order defined by F;, (x)

This constitutes a cycle and we have a contradiction.

2. Giscyclic.

(a) u(G,c) = o = G does not have negative cycles. So c is conservative.

= F,(x) > distG,c)(s,x) = min  Fi(x) = Fy, (x)
o<k<n-1

F,(x) - F
= max MZOV)CEV(G)
o<k<n-1 n—k

We show dx € V(G) with
Fn(x) = Fe(x) _ o Fn(x) — Fk,(x)
o<k<n-1 n—k n—k
= F,(x) = FKO(X) = diSt(s,x) (G,0)

Let K be any cycle with G)K = coin G and v isan arbitrary vertexin K. Let P be
ashortest s-x-path in (G, ¢); ¢ is conservative. Let P’ be an edge sequence which
starts with P and ends with 7 repetitions of K: e(P’) = ¢(P) = dist(g,¢) (1, X).
Let P” be a subset of edges of P’ which has exactly n edges. Let w be the final
vertex of P”’. Because P’ is a shortest edge of s to x = P”’ is the shortest edge
sequence of s to w with n edges.

Fp(w) = distG,c) (s, w)

(b) u(G,c) # o. Consider ¢ : E(G) — R with ¢’(e) = c(e) — u(G,c) Ye €

E(G).
"N _ . Cc(E(k))
HG.C) = i TE®)]
B ~ B 4(G.0)
_cycleKinG |E(k)|
_[eFK)
) c?é?%{ EK)] “(G’C)}
E(k
w(G,c’) = CEW) _ u(G,c) = u(G,c) — u(G,c) = o

min
cycle Kin G |E(k)|
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Let F} (x) be analogous to Fy (x) but computed with weights ¢’. It holds that
Fp(x) = Fg(x) - Ku(G,c)VxVo <k <n.

Fp(x) — F(x)

1(G,c’) = min max

X o=<x<n-1 n—k
o (Fn(x) —nu(G,c)) — (Fi(x) — ku(G,c))
= min max
X o<k<n-1 n—k
F, -
—min max 2O ZEG G
X o<k<n-1 n—k

102 Algorithm for minimum mean cycle problem

Algorithm 7 Minimum mean-cycle algorithm

Given. Digraph G, c : E(G) —» R
Find. Cycle K with c(k) = u(G,c) or “G is acyclic”

I

2:

3

19:

Insert s ¢ V(G) and alledges Vv € V(G) : (s,v). Letc(s,v) = o Vv € V(G). Let
G’ be this extended digraph.
Letn = |V(G)|,F,(s) = 0,F,(x) =0 Y x € V(G') \ {s}.
fork =1tondo
forall x € V(G) do
Frg(x):=00
forall (w,x) € 6~ (x) do
if Fx_,(w) +c(w,x) < Fg(x) then
Frx(x) := Fg_,(w) + c(w, x)
PK(X) =W
end if
end for
end for

. end for

if F,(x):=0c0Vx€V(G’)\{s}then

return “G is acyclic”

: end if

Fp (x)-Fy (x)

o and u its corresponding x

Let y* = minyey maxo<k <n—

: Let K be a cycle which is contained in the sequence

u, Pn(u), Ppy(u), Ppy(Pp(ut)), Ppoy(Ppi(Ppn(u))), ...

return K and p*

Theorem 30. The minimum mean cycle algorithm works correctly and can be implemented
with a runtime of O(n - max {m,n}).

Proof. In G’ there are only cycles contained which are also in G contained (there are no edges

with end vertex ). So it is enough to prove that (G’, ¢) is correctly computed.

L. Insteps2and3, Fg(x) Yo < k < nis computed correctly (proof is analogous to
proof of Bellman-Ford-algorithm).
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2. If algorithm terminates in step 4, then G is acyclic. Otherwise 3x € V(G) where
F, (x) is finite = no termination in step 4.

3. Consider (G’,c”) with ¢’(e) = c(e) — u(G,c) Ve € E(G). Algorithm runs with
(G’,¢’) exactly the same like (G, ¢) only with F}/ (x) = Fi(x) — u(G’,c) Y x ¥ k.

W is satisfied

4. If weselectsome x instep s, then u(G’,¢’) = 0 = maxo<k <n
(follows from Karp’s theorem). So F, (x) = dist(g, ¢ (S, x).

5. So every shortest edge sequence of 7 edges from s to x consists of a shortest s-x-path
and a few cycles of length o. The “last” cycle K will be found in step s. It holds that

CEK) _
EK)]

CER)
= G s
B GO

u(G'c") =0 =

n  Network flows

1.1 Definition
A network with source s and sink ¢ is a quadruple (G, u, s,t) where

1. Gisadigraph
2. u: E(G) > R,

3. 5,t € V(G) with s # ¢

Aflow f is a function f : E(G) — R, with f(e) < u(e) Ve € E(G). An excess of a flow
finavertex vis

exp(v) := Z f(e) - Z f(e)Vv e V(G)

eed(v) ecst(v)

The flow conservation conditionin V- € V(G) is exp(v) = o. A flow f with exy(v)
o Vv € V(G) is called circulation. A s-t-flow is a flow with ex¢(s) < oand exs(v) =
o Vv e V(G)\ {s,t}. The value of a s-t-flow f is value(f) := —exs(s).

1.2 Maximum flow problem (MF)

Given. network (G, u, s,t) with source s and sink ¢

Find. a s-t-flow with maximum vale

1.3 Example: Job assignment problem

Given. n jobs, n workers, S; C {1,2,...,m} is the set of workers which complete jobi Vi €

{1,2,...,n}.t; is the time it takes to complete jobi Vi < i < n.
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Find. Which part of which jobs should be complete by which worker to achieve maximum
efficiency?

Additional assumption:
1. All workers are equally efficient.
2. One job at a time per worker.

3. Jobs can have multiple simultaneous workers.

{ . . TT
/' Jeg 1L
So/tii’;rl\.—"l‘_________’,)ot
j
T

Figure 6: Job assignment problem

We create a graph with three layers. We have one source which is connected to every job.
Every job is connected to every worker that can complete this job. All workers are connected
to one destination ?.

u((s,i)) =t; i€{y2,...,n}

u((i,j)) =T Vi,jwithj € S;

u(j,t) =TVje{2,...,n}
where T is a configuration parameter.

Assuming fr is the maximum flow from s to ¢ in (G,u, s,t). If value(fr) = 27_ t;. We
claim: If worker j completes portion f(i, j) of job j Vi, j then all jobs are completed within
time T

[O’Tmax] Z ti = Thax

This lecture took place on 27th of Oct 2014.

Assignment:
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1. Worker j should complete f; ; units of work of the i-thjob ViV j.
value (f) = Z ti = f(s.i)=1; Yjobi
i=1

= D fii=Fsi =
flow conservation condition J €Si

hence job i will be complete Vi.

2. Why is everything completed iz time (ie. < T)?

Vworkerj: > fG.j)  =fG.0)<T
i,j€S;
| —
total working time of worker i

.4 Maximum-flow problem (cont.)

Linear programming definition of the maximum-flow problem

Given. A network (G,u,s,t). Let x, be the flow carried by edge e in the network Ve €
E(G) witho < x, < u,.

Z Xp — Z xe =oVveV(G)\ {s,1}

e=(i,v) e=(v,j)

Find. Compute the maximum flow 3¢ e5+(5) Xe = 2ees-(s) Xe-
We are looking for a combinatorial solution.

Remark. MFP is polynomially solvable as linear program eg. via ellipsoid method.

Theorem 31. MFP always has an optimal solution. Linear programming always provides an
optimal solution and is limited by 3, c () Ue-

Definition 32. A s-t-cut in G is an edge set 67 (X) with X & V(G),s € X,t ¢ X. The set
of all edges going from X to X°.

The capacity of 6 (x) is u(6¥ (X)) := Yoes+(x) Ue- A minimum s-t-cut is a s-t-cut with
smallest possible capacity.

Theorem 33. YA G V(G) with s € A,t ¢ A and for every s-t-flow it holds that:
L value (f) = Yeest(a) f(€) = Xees—(a) f(€)
2. Value (f) < 26654-(14) Ue

Proof. * Firstly,

value(f) = Z fe— Z fe=Z Z fe— Z Se

eedt(s) eed (s) veA | eest(v) ees~(v)

=o Vv#s
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= > fom D fe

e€dt(A) e€s™(A)

All edges in A (that stay in A) cancel each other out (incoming = +1, outgoing = —1).

D= Y fes DL ue=u(st(A)

e€dt(A) e€d (A) eest(A)

* Secondly,

Remark. From theorem 33 (2) it follows that

max {value(f)} < minu(6*(A))

f: s-t-flow A: s-t-cut

Definition 34. (dt. “Inkrementnetzwerk”, residual nerwork) Assume a network (G, u, s,t)
and a s-t-flow f. Define the set of edges as a multiset:

E ={e:ec E(G)}U {€:=G): (.)€ EG)}

In words “all edges and edges in opposing directions including duplicates”. We now consider

the new graph
— -
G =W(G), E)
—
Gy = (V(G),{e € F:upe) > o})
where iy (e) is remaining capacity defined as

Ue — fe e is edge in forwards direction

ur(e) = { fe e is edge in direction backward (fo- = f)

(Gy,uy,s,t) is then called “residual network”.

Remark. 2 — 1 was not introduced in G, because iy = o
A directed s-t-path in Gy is called augmented path.

How do you augment a path?

fe)—6 eePNE~

fle)+5 ee PNE*
f’(e)={
fe) e¢ P

= P ith ¢ := i
f fe wit eénEl(I}D) ur(e)

S is called augmented path along P.

PNE* forward edge in path
PNE~ backward edge in path

Show:
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s R A

(0 1)

<1h N //

(f, u) Ug
Figure 7: Residual network

. flisaflow

2. value(f”) = value(f)

Letee PNE™Y.
o< f'(e) <ule)
o< f(e)+6 <u(e)
OSf(e)+5Sfe+ue_f(e)
Letee PNE’".

o= f(e) - f(e) < f'(e) = f(e) —J < u(e)
value(f”) = Z f(e) - Z F(e) = f(eo) + Z f(e) - Z f(e)

eeot(s) eed(s) eedt(s) eed(s)

Lete, € 6 (s) N P = value(f) + & > value(f).
Flow augmented by 6 along path P such that the value increases.

Remark. If f is a max s-t-flow, then there is no s-f-path in G. If there would be a s-¢-path
P then f’ = f @ P is better than f (contradiction).

Theorem 35. Let (G,u,s,t) beanetwork and f be a flow. If there is no s-t-path in G, then
f is optimal. Hence value(f) is at maximum.

33



Figure 8: Augmented path

Proof. Let A = {v € V(G) : visreachable from s in Gf}. A defines a cut between a set A
containing s and a set B containing t with ¢ ¢ A. An edge on the border of those sets must

satisty f(e) = u(e) (saturating edge), otherwise u(e) — f(e) > o and the edge would be
partof Gy.

A defines a s-t-cut 61 (A).
u(@t(A) = D u

e (A)
value(f) = ... = Z f(e) - Z f(e)
theorem 33 (a)  €€6%(A) ees (A)

So this end going from set B to set A has f(e) = o otherwise ¢ is in Gy. It follows that
u(6*(A)) = value(f).

So f is optimal (assumption that cut > flow, hence equality, won’t get better) O
Theorem 36 (Max flow, min cut theorem, Ford & Fulkerson, 1956). Let (G,u,s,t) be a
network than there exists 2 maximum s-#-flow f and a minimum cut (s-f-cut) 6% (A) with

value(f) = u(6*(A)). Especially the value of 2 maximum flow and the capacity of a mini-
mum s-¢-cut is equal.
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Figure 9: f”isaflow

.5 Algorithm by Ford & Fulkerson

Proof. Directly follows from theorems 33 and 3s. O

Algorithm 8 Algorithm by Ford & Fulkerson
Given. G,u, s,t
Find. max s-t-flow

r Set f(e) =oVee E(G)

2: while 3 s-¢-path P in G¢ do

f=fe®P
4. end while
s: return f

As a result many steps are required. Better paths would be (s,2,1) or (s,1,¢) instead of using
I-2.

Conclusions of FESF algorithm

If u, € Z, then F&F algorithm terminates. After at most U(]V(G)| — 1) iterations, where
U = maxees+(s) Ue, because

1. Firstly
value(f) < Z f(e) < Z U<U-(V(G)| -1

ecodt(s) eedt(s)

2. Secondly the flow value is increased by ¢ in every iteration; where ¢ > 1because § > o
and § € Z.

If u, € Q. then affiliation to u, € Z, (multiply all capacities with common denominator).
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(f, u) O=1

0, 10) 10) 10 \{)\

(0,1) 1

(o, N %(10 1& 10

Figure 1o0: Ford & Fulkerson algorithm

Ifu, € Q. then F&F algorithm must not terminate. It also must not converge and if it does
converge, it must not converge towards optimality. So the algorithm might create a series f},
with value,, 0o (f) - opt.

In the algorithm the series converges only if it converges towards optimality.
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This lecture took place on 28th of Oct 2014.

5.1 Analysis

Runtime per iteration: ~ O(n) determination of a s-t-path
(eg. breadth-first search) if such one exists
Number of iterations:  O(U(n —1)) = O(Un)

Total runtime (foru, € Z, Ve € E(G) :

O(mnU)

pseudo-polynomial runtime

Theorem 37 (Flow decomposition theorem, Galler 1956, Ford and Fulkerson 1962). Let (G, u, s,t)
be a network and f be a s-t-flow. Then 3 a family P of s-t-paths and a family C of cycles in
G and the weightsin P U C — Ry (P = w(P),C = w(C)) such that

f(e) = Z w(P) Ve € E(G)
PePUC:ecE(P)

value(f):Zw(P) and | P|+|C| < |E(G)]
peEP

Proof. Induction on number of flow-carrying edges, ie. |[e € E(G) : f(e) > ol.

Hypothesis 38. No flow-carrying edge: trivial (select some s-t-path and sort by value)

Induction step.

Leti = oand (V,,w,) € E(G) otherwise f(vo, W) > 0. If wo # tA(w,,w,) € E(G) with
f(Wwo,wy) > o. If w; ¢ {t,v,,wo} theni = i + 1and repeat this step until # is reached or
some vertex is repeated (cycle case).

Analogously you can think of (v;,v,) € E(G) with f(v;,vo) > 0. If v, & {5,Vo,Wo,Wr,. .., Wi}
then repeat the step until s is reached or some cycle gets created.

This construction provides either a flow-carrying s-t-path P or a flow-carrying cycle C. Case
distinction:

1. w(P,) = minjeg(p,) f(e)and

_ f(e)—w(P) e€ E(P)Ye € E(G)
F@ =" e ¢ E(P)Ve € E(G)

2. w(C,) = mingeg(c) f(e) analogously.

S’ is a s-t-flow with at least one flow-carrying edge less. With the induction hypothesis f”
can be decomposed, hence AP, (C,) family of s-t-paths (cycles) and w : P, U C; — Ry with
f'(e) = Xpepuc,ecepy w(P) and value(f’) = 3 ,ep w(P) and | P, U G| < E(G).
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Figure 11: Flow decomposition theorem

P:=PU{P,},C:=(;

f@=[@+wP)= > wP)+wP)= WP
PePUC,ecE(P) PecPUC,ecE(P)

ifecE(P)

P := P, C = C;U{C,} with corresponding weights
value(f) = value(f’) + w(Py) = Z w(P) + w(P,) = Z w(P)

Pe?P, PeP

3. |P U C| < |E(G)|because the induction step will be executed at most | E(G) | times.
In every step a new non-flow-carrying edge is created and in every step i (P; U C;) is
incremented by one and we can start with P U C = 0 for flow f = o.

1.6 Edmonds and Karp algorithm (E&K)

This algorithm distinguishes from F&F only by the selection of the s-¢-path: In every itera-
tion i a shortest s-t-path P; in G, is selected (shortest in terms of number of edges).

Theorem 39. Let fo, fi,. .., fk,. .. be a sequence of flows created by the E&K algorithm,
where fi1, = fi + P; and P; is a shortest s-t-path in G, Vi. Then it holds that

*EP)] S TEPrsd)| Vi

* |E(Px)+z < |E(Py)|lforall k < rsuch that Py U P, contains at least one pair of
edges of opposing direction.

Proof. 1. LetGy := (V,Ey) where E;, = Py, UPkH\{pairs of edges in opposing direction}.
It holds that Ex € E(Gy, ) (where Gy, is an incremental network to fi), because
P U Pry, C E(Gy) : P € E(Gy,) is obvious.
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Algorithm 9 Edmonds and Karp algorithm

Given. G,u, s,t
Find. max s-t-flow
r Let f(e) =o Ve € E(G)
: Determine a shortest f-augmenting path P

2

3. if P does not exist then

4: return f

St end if

6: Determine y = minceg(p) iy (e). Augment f along P by y
7: goto2

10+0,10@ 10+0,10 : :

Gt

1

Figure 12: Drawing for EK algorithm

P
kO 0/—\0 o
v
s @ /0 ot
o——>©0 \0—>.
Pk+1

Figure 13: Drawing for EK algorithm
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Assumption. de € Pry, \ E(Gp) : e € E(Gy,,,). Hence e was added to the
incremental network in the k-th iteration.

2. So e is an edge of opposing direction of an edge of Py. This is a contradiction because
e ¢ Ey.So Ex € E(Gy,) holds.

Add two artificial edges (¢, s) to Ex (Gx = (V, Ey)) and retrieve Gr. Gy is eulerian
(in a directed sense), ie. degék W) = degék (v) Yv. = Gy can be decomposed into
edge-disjoint cycles. Let C,(C, ) be the cycles that contain the artificial edges 1 and 2.
Let P, and P, be the edge-disjoint s-t-paths in those cycles C; and C,.

P, and P, are in Gy and do not require any artificial edges.

P,and P, € E(Gy) € E(Gy,)

2|E(P)| < |[E(P)|+ [E(P,)]
SIEGO| < |E(P)| + |E(Pr) |
= |E(Pr)| < |E(Pr1) |
3. It suffices to show this statement for k < r, where P, and P; contain no edges of

opposing direction Yk <i <.

Reasoning. Let Py, be the last path Py, Pryy,. .., Pksi,. .., Pr with edges of op-
posing direction to P,. From |E(Py4,)| +2 C |E(P,)] it follows (with | E(Py)| <
|E(Pr+0)):

|E(Pr)| +2 < |E(Pgsy) +2 < |[E(P)]]

We assume without loss of generality that Py and P, contain edges of opposing direc-
tion but not P, P V k < i < r. Construct Gi with all edges from Py U P, without
pairs of edges of opposing direction. It holds that E(Gr) € E(Gy, ) because other-

wise de € P, : )E(Gfk ) ‘ hence e is not contained in E(Gy, ), butin E(Gy, ). Hence
e was added in iterations k, k +1, ..., 7 — 1. So e has an edge of opposing direction in
P, Pryys ..y Pry.

]

Analogously as in case a we find 2 edge-disjoint s-t-paths P, and P, in G, :
2|E(P)| S |E(P)| + |E(P)| < |E(Gr)| < [E(P)|+E(Pr)| -2
= |E(Px)| +2 < |E(P,)|

Theorem 40. (Edmonds and Karp, 1972) The algorithm of Edmonds and Karp requires at
most “* augmented paths (equals to the number of iterations) and determines a maximum
flow correctly. The algorithm has a runtime complexity of O(m* - n).

Proof. Anedge e € P (where P is an augmented path in Gy) is called bortleneck edge if

min ur(g) = us(e)

Question. How often can some edge e occur as bottleneck edge during the algorithm run?
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Figure 14: Edmonds and Karp algorithm

Let e be a bottleneck edge in Py. Then it holds that e ¢ E(Gy,,,). If the edge becomes a
bottleneck edge again of Py with e > k, then the edge goes into the residual network; hence
the edge is of opposing direction of another edge of the previous augmented path; without
loss of generality to an edge of Py:

[E(Pr)| +2 < |E(P.)]
Introduction of e as bottleneck = augmented path gets extended.
at most n — I extensions

= per e at most 1 — 1 bottleneck edges
= number of iterations: O(m - n)

This lecture took place on 3rd of November 2014.

1.6.1  Runtime analysis

The number of iterations is O(nm) because every edge O(n) becomes a bottleneck at one
point in time. A more precise upper bound is 2.

Let k be the iteration in which e = (v, w) becomes a bottleneck edge. Then let 7 > k be the

index of the next iteration in which e becomes a bottleneck edge again.

k + riteration with e ¢ Gy, .,
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k-th iteration

N

b °
\ W

uge) = lmin ugl)

€ Py

Figure 15: Edmonds and Karp algorithm — Bottlenecks

= eeGyk+1<p)

. «— .
...must be satisfied and flow must go through ‘e such that e can recur in Gy.

E(Pp) 2 E(Py) +2
r iterations = E(P,) > E(Pp) +2

e € Gy : E(Py) = E(P) + 4

Every time when e becomes a bottleneck edge, the length of the shortest s-f-path by at least
4. So e is at most % times a bottleneck edge.

) ) n mn
#iterations < 2m— = —

h
(IE|V|E| < 2m)
This bound is the best we can achieve. In some cases this bound is reached.
Total runtime: O(m) per iteration X O(mn) iterations = O(m*n)
1.7 Blocking flows and Dinitz’s algorithm (1970)
Given. Network (G, u, s,t) and s-t-flow f. Its level graph G% is a subgraph of G with

V(GE) = V(Gp), E(GF) = {e = (x,y) € E(Gy) : distg, (s,x) +1 = distg, (5,7)

Observation. Gj’; isayclic. vo = v = v, = vp = V. dist(v,) = dist(vy) + kisa
contradiction.

Constructable with O(m) runtime (eg. BFS).

Definition 41. s-t-flow f is called blocking, if graph (V(G),{e € E(GILV) : f(e) < u(e)})

does not contain a s-t-path.
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Not every blocking flow is optimal.

* First example:

L Gt

§

’ 3

1

N
=

t

2

5
\D

y

2
) 1
S 3,1 1,0 t 3 S (2 11
0 \ / 2
3,1 2,2 2
1 4 1

2 4

Figure 16: Example (a) graphs

ds-t-path in G% = f is non-blocking

* Second example:

ﬂs—t—path = f blocking, but there is a s-#-path in Gy = non-optimal

in (V(G).{e € E(GF) : f(e) <u(e)})

Recall that
|E(Pry)| = |E(Py)|

E(Gy) € E(Gy,)
Theorem 42. Dinitz’ algorithm finds a maximum flow in O(n*m) runtime.

Proof. Runtime analysis. Number of iterations: O(n — 1)

Because length of shortest s-z-path increases after every iteration by at least 1. This is analo-
gous to proof of theorem 36: The blocking flow “contains” all shortest paths of same length.

43



1,1 1,0 / \
0S Lty 0S 1ty
NS N A

1
1 1

Figure 17: Example (b) graphs

Figure 18: Example (b) schematic

Determination of a blocking flow in G}‘ in O(nm) runtime (see practicals)

O(n*m)

Correctness. Blocking flow = o in GJI; = no s-t-pathin Gy = f is optimal.

(Sleator & Tarjan, 1984). O(m logn) for determination of a blocking flow in a level graph.
[m}

1.8 Goldberg & Tarjan: Push-Relabel algorithm

Algorithm by Goldberg & Tatjan (1988).

Definition 43. Let (G,u,s,t) be a network with source s and sink ¢. f : E(G) — Ry is

44



Algorithm 10 Dinitz’s algorithm

Given. Network (G, u, s,t)
Find. s-t-flow f with maximum value
: Let f(e) :=o0VYe € E(G)
2: Build level-graph GJ% (subgraph of Gy)
3: Determine a blocking flow f” in G;. If f = o, then stop “f is optimal”.

4 Augment f & f’, goto step 2

fle)+ f'(e) eecEG)

o VeeE®G)
fle)+ f'(e) ee€ E(G)

fefie ={

called preflow if f(e) < u(e) Ve € E(G) andexs(v) > o Vv € V(G) \ {s}. A vertex
v € V(G) \ {s,t} is called active if exs (v) > o.

Idea. Work with preflow f satisfying 3 s-¢-path in G and try iteratively to reduce the excess
for active vertices until no more active vertices exist.

Definition 44. Let (G,u,s,t) be a network. A mapping ¢ : V(G) — Z, is called distance
marker it y(t) = oand y¥(s) = nandy(v) < y(w) +1V (v,w) € Gy.
Anedgee = (v,w) € EU Wis called permitted edge if y (v) = y(w) + 1.

Observation. If i is a distance marker then ¢ (v) is a lower bound for the number of edges
in a shortest v-#-path in G .

Vo DV, > - >V =1
UWo) SU(v) +1<y(v)+1+1< ... <Y(v)+k =k
(1)
Y (t)=o

Algorithm applies push or relabel operations. Starts with preflow which saturates all edges
(s,v) (f(s,v) = u(s,v)) = in Gy there is no outgoing edge from s = il s-t-path

f(e) =oifen{s}=0
f(v,s) =0

Has active vertex? If not, then done (optimality criterion satisfied)

Condition for ¢ (v) < ¢ (w) + 1is only satisfied for edges in Gy.

permitted: y() =y (w) +1
not permitted: ¥ (v) < Y (w) +1

Theorem 45. The push-relabel algorithm has two invariants:

* fisalways an s-t-preflow

*  is always a corresponding distance marker
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Algorithm 11 Push-Relabel algorithm (book: page 201)

Given. G,u, s,t
Find. Maximum s-t-flow f
r f(e) :=u(e) Ve e 5*(s)
2 f(e) :=oVee EG)\6(s)
3 W(s):=n:=|V(G)|andy(v) ;=0 Vv € V(G) \ {s}

4 while there exists an active vertex do

5: Let v be an active vertex

6: ifnoe € 6Ef (v) is a permitted edge then

7 Relabel

8: else

9: Lete € 65f (v) be some permitted edge
10: Push(e)

I end if

: end while

Push(e)

r Lety = min {eXf(v),uf(e)} where e startsin v
2: Augment f alongeiny

Relabel(v)
i Lety(v) := min {¢(w) F1:(rw) € 5gf(v)}

Proof. After initialization both invariants are given (trivial case).

PUSH of edge (v, w)
f'e)=f(e)+y

exp(v) =exg(v) —y o

exp(w) =exp(W)+y 2o

Distance marker: If (v, w) is cancelled, condition is still satisfied.

If (w,v) is added, then ¥ (w) < (v) + 1 but PUSH only if permitted: ¥ (v) =
v(w) +1

RELABEL does not influence f, stays a preflow
Y) =min{yw) +1:w e st (v)}
= ¥ (v) increases

Gy does not change. Inequations can only be invalidated for edges.

vow Y(v) <yw)+1 Y(v)isnever increased too much
w—=v y(w) <yY()+1 yY(v)islarger (which is fine)
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This lecture took place on 4th of November z014.

Theorem 46. Let f be a preflow and ¢ be a distance marker in regards of f. Then the
following statements hold:

L. s is reachable from every active vertex v in Gy.
2. Ifv,w € V(G) with w being reachable from v in G, theny (v) < y(w) + n —1

3. tisnotreachablein Gy

Proof. * Part1of proof: Let v be active. Let R be the set of vertices reachable vertices in
Gy from v. The following does not exist:

Observation. Ye = (y,x) € 6 (R) it holds that f(e) = o. Otherwise y € R which

contradicts.
exyw) = > fle)= ) fle)
eed~(w) ot
der= ), f@O- ), flerso
weR ecs(R) e€s*(R)

f(e) =oincasee € " (R)
For v it holds that exf(v) > o because v is active
= Jdw € Rwith exf(w) <o

>w=s=>s5€R
* Part2 of proof:
V=V, vV, ViEW
v-w-path in Gy

(o) SYW) +1 5y () +14+1-- S YywW)+k <y(w)+n—1
—_——

Vi =w

k :length < n — rbecause of n vertices in G.

47



* Part 3 of proof - contradiction: Assume that # is reachable from s

b
= ds-t-pathin Gy = ¢¥(s) < Y(t) +n—1= n < n —1= contradiction
SN~ SN~

n o

Theorem 47. When PR algorithm terminates, f is a maximum s-¢-flow.

Proof. No active vertices at termination = preflow is flow and from Theorem 46 (c) “tis not
reachable from sin G ” is an invariant of the algorithm. Hence at termination the optimality
criterion is satisfied. O

Theorem 48 (number of relabel operations). * Vv € V(G) : ¢Y(v) is increased in
every relabel operation by at least one (strong monotonicity, no decrement)

* Y (v) < 2n —1isan invariant Yv € V(G)

+ No vertex exists which is relabelled more than 2n — 1 times. Hence the maximum
number of relabel operations is 2n* — n

Proof. * Active v has edges to wy,w,,. .., wg.
) <r(w;) +1 = edge not permitted

Relabel:

Yy(v) = min  Y(w)+1=¢w)+1>94(v)

i:w;e6t(v)

* Inidalization: Y (v) = o Vv # 5, (s) = n. Initialization okay.

Inequation can possibly be invalidated by relabelling?

heorem 46 (1
Relabel(v) = v active ‘ :>4 ® s is reachable in G from v

theorem 46 (2)
= Yy)<yY(s)+n—1=n+n—-1=2n-1

* Follows trivially from the previous 2 points

Definition 49. Lete = (x, ). push(e) is called saturating push operation if

y = min {exy (x),u7(e)} = us(e)
N——
#exr(x)

otherwise push(e) is a non-saturating operation.

Theorem so. The number of saturating push operations is 2nm.

Proof. Consider e = (v,w). How many times will a saturating push operation push(e) be
executed?

48



Edge must be be reintroduced in G to be pushed again.
Y(v) =y(w) +1

Before the next push(e), e must be added to Gy. How? This is only possible through
push(?). It holds:

Yy =y’ M+ = P 2y) +1

So ¢(w) has been incremented by at least 2. If the next push(e) happens, it furthermore
holds that

YW =" w) 1> g(w) +2+1

In conclusion: Between every two continuous saturating push operations push(e), ¢(v) was
incremented by at least 2. From theorem 48 (b) we conclude that we have at most 7 —1jumps
(by 2) of ¢(v). This also means that we have at most 7 saturating push operations.

-
So for all edges of E U E we have at most 2mn saturating push operations. m]

Theorem st. Number of non-saturating push operations. The number of non-saturating push
operations is O(n*m).

Proof. Let A be the set of all active vertices.

D := Z y(v) potential function

veA

Start with D = o. At termination A = 0,D = o. How does D change with execution of
various operations?

* Non-saturating operation push(v, w):

Transitions:
active —  active D is less or equal
non-active —  active AD =—y)+y(w)=—-Ww)+1) +¥(w) =-1
Disless
* Saturating operation push(v,w): Transitions:
w: active —  active D stays the same
W : non-active — active D stays the same or increases
Vo active —  active D stays the same or increases
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Relabel D increases, because ¢ (v) increases.

So in conclusion only non-saturating push is responsible for decreasing D.

By how much does D increment during the algorithm’s run?
anm saturating pushes + 2n* — n relabels
Itincreases with O((nm + n*) - n) = O(n*m).

Theorem s2. Better analysis for number of non-saturating push operations. Cheriyan and
Meblhorn 1999. If the algorithm always select an active vertex with maximum i (v), then the
push-and-relabel algorithm only requires 8n* 4/m non-saturating push operations.

Theorem s53. The push-and-relabel algorithm solves the maximum-flow problem correctly
and can be implemented with O(n* y/m) runtime. (with selection of active vertices as in
Theorem 52.)

Proof. Correctness is given in theorem 47 and theorem 45. What about the runtime?

We use a doubly-linked list L; where

L;:={veV(G);visactivey(v) =i o<i<2n—1}

At the begining we start with L, := all active vertices. Leti = o (at the beginning) and scan
L; for some selected v € L;. As an invariant i is the greatest index j with L; # o.

* i must be updated in constant time

+ lists as well

k=y)
Relabel:
Y() = min {y(w)+1} =k
wesH(v)
o657 (D
Ifk > i,theni = k.
LIQ =L, U{v}
Ly = Ly \ {v}

push(e) : v = w

* v = active, switch to

— active

— inactive: Ly vy = Ly vy \ {v}

* W = active, switch to
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— active: i =y (V) A Ly(yy = 0,i < i’,i’next Ly # 0
* w: inactive, switch to
— active: L,y = Lywy U{w} (W) > i theni = §f(w)
Data structure A, Vv € V(G) is doubly linked.

A, = {w est(v): (v,w) permitted}

Saturating push: edge is removed from A, :
Ay = Ay \ {w}
Unsaturating push: A, stays unmodified

A, = A\ {w}

Relabel(v) := y(w) = Hélf% ){x//(w) +1t=yw.)+1=> A, = A, U{w.}

Per edge 21 — 1 times.

an=10( | ) 570D

veV(G)
= O(nm)

This lecture took place on 10th of November 2014.

1.9 Minimum-capacity cut problem

Given. Instance (G,u,s,t),u:t — R;

Find. A s-t-cut in G with minimum capacity

Simple solution. Determine maximum flow f from s to ¢ and all reachable vertices v from s
in G¢. Let C be that vertex. From the maximum-flow min-cut theorem it follows that

value(f) = u(6(L)) —  d(c) minimum s-t-cut

If you want to compute one minimum cut per pair (s,1), solve (Z) max-flow problems and
determine the corresponding cuts (as above)

(’Z)omz Vi)

(n — 1) flow computations actually suffice; see Gomor-Hu tree (1962).

For undirected graphs. Let G be an undirected graph and u : E(G) — Ry V5,1 € V(G).
Let A, ; be the local node connectiviry defined as minimum capacity of a splitting s-t-cut. The
node connectivity of a graph is defined as ming ; ey (G), s+ As,r Where A ; is computed with
u(e) =1ve e E(G).
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Figure 19: Vertex connection

A=A, =4,;,=2
min {/112,/123,/113} =2

= node connectivity of G = 2

Alternative definition: G = (V, E) is called f-node-connected if the graph G stays connected
after removal of # — 1 vertices. The node connectivity number K (G) of a graph G is defined

as K(G) = maxsefra,....|V(G) -2} {t : G tnode connectivity}.

Theorem s4. For every triple of vertices i, j,k € V(G) (G is an undirected graph) it holds
that
/li,k > min {/li,j7 /lj,k}

Proof. Let 6(C) be a minimum i-k-cut with A; x = u(6(C)). If j € Cthen 4 <

u(@0(C)) = . It j € V(G) \ Cthen A;; < u(6(C)) = Ajk. Sodigx = Ajy or

ik 2 /l[’j. = Ak 2 min{/lj,k,/lj,[}. ]

Remark. The condition of theorem s4 is required for (4; ;)i jeys,....n node connectivity
numbers of a graph with vertex set {1,2,. . .,n}. But this condition is not sufficient; hence 3
numbers A; j fori,j € {1,2,...,n} that satisfy these conditions, but cannot be retrieved as
node connectivity number of a graph.

If A;j = A;,;V¥i,j € {1,2,...,n} and the conditions of theorem 54 hold, then it holds
that a graph G with V(G) = {1,2,...,n} and Ju : E(G) — Ry, such that A; ; fori,j €
{1,2,...,n} thatare local node connectivity numbers of (G,u).

Definition ss. Let G be an undirected graph and # : E(G) — Ry, E in tree T is called
Gomory-Hu-tree of (G, u) iff

VT)=V(G)ANAdsy = min u(dg(ce)) Vs,t € V(G),s #t
ecE(Ps.;)

5,1
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elementary cut

Figure 20: Elementary cut

/lsiatj = /lsl’t[ = SVi € {1’2’3} 7j € {172’3}
/ls,,s,_ = /1x1,s3 = /lsz,s3 = /ltx,tz = /ll‘z,t3 = /lt,,a =3

As,r, = min qu(d(ce,)),u(6(c(e,))) p =3
—_—— ————
=3 =3
Sy
S1 t

Gomory-Hu tree

Figure 21: Gomory Hu algorithm
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1o Gomory-Hu algorithm

Basic idea: Select vertex pair 5,¢ € V(G) and determine its minimum s-¢-cut 6 (A) where
B :=V(G) \ A. Contract A (or B) to one vertex. Then select s”,¢" € B (or A).

Build a minimum s’-¢’-cut §(A”) in contracting graph G’ with V(G’) \ A’. Observe thata
minimum cut in the contracting graph corresponds to a minimum cut in the original graph.
Repeat this step as long as not-separated vertices exist.

V, € V(G)

V,V, V,, V,
decomposition of V(G)

Figure 22: Gomory Hu algorithm idea

Theorem s6. Let G be an undirected graph and u : E(G) — R,. Lets,t € V(G) and
0(A) be a minimum s-t-cut in (G’,u”). (G’,u") results from (G, u) by contraction of A by
asingle vertex K. Let s/,#" € V(G) \ A. Then it holds that

VY mins’-t’-cuts : 6(K U {A}) is 6(K U A) aminimum s’-t’-cut in (G, u)

Remark. It’s a minimal cut. It does not preserve capacity.

So K is the set of non-contracting vertices that are on the same halfplane like the s’-#-cut
like A.

Proof. We show: there exists a minimum s’-#'-cut 6(A”) in (G,u”) with A C A’. Let 6(c)
be a minimum s’-t’-cut in (G,u). Without loss of generality let s € C. If A € C, we are
done. Otherwise build a second minimum s’-¢’-path in G, which contains A. It holds that

u(6(A)) +u(6(c)) 2 u(6(AnC)) +u(6(AUC))
Because 6 (A N C) is a s-t-cut G it holds that

u(6(ANc)) = Asr = u(5(A))
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Algorithm 12 Gomory Hu algorithm

Given. undirected graph G, u : E(G) — R,
Find. A Gomory-Hu tree T for (G, u)

I
2
3
4

V(T) ={V(G)}, E(T) = 0 (a vertex that corresponds to all vertices in G)

: Choose X € V(T) with | X| > 2. If AX, then goto step 6.
Choose s,t € X (s # t), H as connected component C of T — X

: Select S¢ := UyeveyY. (G',u’) results from (G,u) by contraction of 5. to a
single vertex V. for every connected component C of T — x. So V(G') = X U

{VC : ¢ connected component of T — X}
Determine the minimum s-t-cut 6(A”) in (G’,u’). Let B’ = V(G’) \ A’. Set

A= U S. U(A'NX)
VeeA\X

and

B= U S. U (B’ NX)
V.eB\X

SetV(T) = (V(DH\ X)U(ANX)U (BN X).
Forevery edge e = {X,Y} € E(T) incident with X do,
ifVCAsete’ :={ANX,Y}
elsee’ := {BN X,Y}.
Set E(T) := (E(T) \ e) U{e’},w(e’) := w(e).
Set E(T) := E(T) U {AN X,B N X} with
w({ANX,BNW}) =u'(6g,(A)).
Goto step 2.

: Replace all {X} € V(T) by X and all {{X},{Y}} by {X,Y}.
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Figure 23: Lemma 4.16

u(0(ANC) <u(6(c)) =Adgpy 2 u(6(ANC)) = Agp

AN Cisminimum s-t’ cutwithANC C A

]

Definition s7. f : 2M — R where M is the set and 2™ is the power set of M. f is called
submodularif f(ANB) + f(AUB) < f(A) + f(B)VA,B €M,

Theorem s8. After every iteration of step 4, the following conditions hold:
- AUB=V(G)

+ E(A,B) is a minimum s-t-cut in (G, u)
A,BCV(G) E(A,B) :={e € E(G):e=(x,y) xe€A,ye B}

A proof for Theorem 58 is not provided.

Theorem s9. Invariant of the algorithm:

w(e) = u(66( U 7)) Ve € E(T)

zeC,

where ¢, and V(T') \ ¢, are the two connected components of T — e. Furthermore it holds
that
Ye={P,Q} € E(T) dpe P 3dgqeQwithd,, =w(e)
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AnC

Figure 24: Lemma 4.16 proof

A proof for Theorem 59 is not provided.

Theorem 6o. The Gomory-Hu algorithm works correctly. Every undirected graph contains
a Gomory-Hu tree which can be computed in runtime O(n? Vm).

A proof for Theorem 6o is not provided.

.1 Minimum capacity of a cut in an undirected graph / MA-order

Given. G as undirected graph, u : E(G) — R4
Find. Determinea A* & V(G),A* # 0 such that

u(6(A")) = Agvlgl(i,I;A;t(ou(é(A))

Solution 1. Let s € V(G) be random. Determine A, V¢t € V(G) \ {s}. The cut minimiz-
ing A, ; is the optimal cut. The solution with Gomory-Hu algorithm: The optimal cut is
computed using the edge e* € GH-tree T with w(e™) = mingeg () w(e).

Solution 2. (Frank 1994, Stoer & Wagner 1997.) Let G be an undirected graph with u :
E(G) — R.. Anorder v, v,,...,v, of vertices is called M. A-order (maximum adjacency
order)if Vi € {1,2,...,n} it holds that:

u(e) =  max Z u(e)
C€E({v,}, (v Vare o viss}) JEEIL 1) (0} Do vica])
This order is not distinct.

Theorem 61. In an undirected graph G with u : E(G) — R, we can compute a MA-order
in O(m + nlogn) time.

Proof. Algorithmically. Let a(v) := o Yv € V(G). Apply the following solution for
i = 1ton. Select some v; € argmax{a(v):v € V(G)|{v,...,vi-}}. “tie branching
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arbitrarily”.

a(v) :=av) + Z u(e) Yv e V(G) \ {vi,Vs,...,Vvi}
ecE({vi},{v}

Proving correctness is trivial this is an invariant:

a(v) = Z Vv € V(G)\ {vyy...,v;i}
ceE{vh{v,....,vi})

Time complexity: Fibonacci heaps with key —a(v).

delete min O(logn)  (amortized)
insert O(1)
decrease-key o®) (armortized)

= O(m + nlogn)

Theorem 62. Let G be an undirected graph withu : E(G) — R, and MA-orderu, . . . ,uy,.
Then it holds that

/an -Vn T
ecE({vn}Avy-ssVn-i})

Proof. Proving direction “<” is trivial. For “>” via induction over |V(G)| + | E(G)|.

induction base |V(G)| < 2 is trivial.

induction step |V(G)| > 3. Without loss of generality (V,,—;,V,) ¢ E(G), because if
e € E(G) withe = (v,—;,v,). Then e is optimal cut between v,,_; and v,,. Fur-
thermore e € E({vy},{Vv1,...,Vn—}). Hence removal of edge e reduces both sides
of theorem 62 by u(e). Followingly the induction hypothesis is applicable.

Let

n» n—1 E
R:= > u(e) “mia*

ecE({vn}Avi,-.sVn-a}) eceE({vnhAvy-.ssvn-})

u(e)

V. ..,vp)isMA-order € G = (v,,...,v,_,) is MA-order € G\ v,
From the induction hypothesis for G — {v,, } it follows that

Apsns = Z u(e) > Z ue) = R

ecE({vn-1h{vs--svn-a}) eeE({vn}{vi.-Vnl)
G
= /lvn—z’vn—l 2 R (3)

VisVase oo s Vin—s,Vy isa MA-orderin G — {v,_,}
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From induction hypothesis it follows:

A6 > A8 med o Z u(e) = R (4)

Vn-2:Vn Vn-2,Vn
eeE{vi},{vi--svn-i})
From the last two statements regarding R we conclude,

Avrvy = A5, 2 min {A§ AG L= R

Vn-1Vn n-1Vn-2 Vn-2Vn ) —

(triangle inequation)

]

Theorem 63. A cut of minimum capacity in an undirected graph G with u : E(G) — R4
can be computed in O(nm + n* log m) runtime.

Proof. Constructive proof. Several edges of capacity u with same source and destination can
be combined to a single edge. So we can can assume wlog no multi-edges.

Denote Ag as the minimum capacity of a cutin G. Let G, := G. Apply n steps. In the i-th
step (i = 1,2,...,n) select vertex x,y € V(G;-,) with

AGy= > ue)

866(;’.7I (x)

It’s existence is given by theorem 62 and x last vertex and y pre-last vertex in regards of a
MA-orderin G;_,.

Lety; = /l)({:"y“ and z; = x ¥Yi = 1,2,...,n. Build G; from G;_, by contraction of edge
(x,y).

Observation.

A(G) = A(G,) = min {A(G)),y,} = min {min {A(G,,7,)}, %}

= min {A(Gz)772v71} = min /1( Gn—1 )a71v717 N
——

=+00

= min vy value of optimal cut
i=L...,n—1

Let A(G) = yx = A’Z‘y (zx is a vertex connected by an edge with y and this edge is part of
the cut; zg is alone, but could be a multi-vertex).

The optimal cut is determine by the subset of the vertex set, that can be contracted in z.
Complexity. n iterations. Per iteration we compute the MA-order in O(m + nlogn) and

contraction and defining new capacities takes O(n + m). This gives us

= O(mn + n*logn)

Example.
MAinGo: 1 _, 4 , 3 , 2
— —— S~
arbitrary posc edges to 1 y X
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Figure 25: Example for minimum capacity cut

1 =2 yI:I+2,+?_=5

MAiInG,:1, 4 ,(2,3)
S—— ——
y X

2, = (2,3) y,=2+6=38

MAinG,: 1 ,(4,2,3)
——
y x

z; = (4,2,3) ;=5

¥(G) = min {%,72,73} = 71(ory;)

In G; we would have only 1 vertex remaining.

12 Flows with minimum costs

Definition 64 (b-flow, offering / demanding vertex). Let G be a digraph.

u:EG) - R, c:E(G)—-R
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Letb : V(G) — Rwith 3, ey (G) b(v) = 0. A bflow of G is a mapping f : E(G) — R,
such that
f(e) <u(e) Ve € E(G) “capacity restrictions”

and

Z f(e) — Z f(e) = b(v) Yv € V(G) flow preservation conditions
eedt(v) e€s™(v)

hold.

A v with b(v) > o is called “offering vertex”. A v with b(v) < o is called “demanding
vertex”.

2.1 Minimum cost flow problem (MCFP/MKFP)

Given. Digraph G
u:EG) - R, c:E(G)—>R b:V(G) >R

with Yy ey () b(v) = o

Find. Determine a b-flow with minimum costs,
ie. the b-flow which minimizes }. c () c(e) f (e)

Remark. A b-flow is determined by the maximum-flow-problem.
u(s,v) =max{o,b(V)} Vv € V(G)
u(v,t) = max{o,—b(v)} Yv € V(G)

A maximum s-t-flow f in G" hasvalue 3}, ey () b(v) iff a b-flow exists in G. If b-flow exists,
then f restricted by E(G) by b-flow.

Co

Gl
Figure 26: b-flow

Observation. There exists a max s-t-flow with value

b(v)in G’
veV(G),b(v)>o
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max{b(v), 0} max{0, -b(v)}

Figure 27: MFCP observation

o b—-flowinG
= Let f’ be a max-s-t-flow with

value(f’) = Z b(v)
veV(G),b(v)>o

Let f = f'|E() hence f : E(G) — Rwith f(e) = f'(e) Ve € E(G). Show that fisa
b-flow.

Vv eV(G): D flo= D f(e) = Veassf (O—F D= D Fl(e)+f(s,v)

1e55,(v) ) e€s,(v)
= f'(s,v) = f'(v,t) = max {b(v),0} — max {0,—b(v)} = b(v) = f is b-flow
< Let f bea b-flowin G. Construct f' : E(G") — R with

f(e) e € z2(G)
f'(e) = {max{o,b(v)} e=(s,v)
max {o,—b(v)} e = (v,t)

Exercise: Show that f” is an s-f-flow with value

> maxfobmi= Y b)

veV(G) veV(G),b(v)>o

2.2 The transportation problem

Given. Digraph G with V(G) = AU Band E(G) C AX B. b(v) 2 o Vv € A,b(v) <
oVv € B, Y ey b(v) = o. Capacitiesu(e) = o Ve € E(G)and ¢ : E(G) — R.
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Find. b-flow in G with minimum costs

Remark. Without loss of generality c(e) > o Ve € E(G). Otherwise « is large enough
(c(e)+a =oVee E(G)).

c'(e)=c(e)+a>o0Vec EG)

Let f be a b-flow in G. Compare ¢’(f) and c(f).

=D defer= Y (e +a)f=cfH+a Y [l

ecE(G) ecE(G) ecE(G)
Consider
Dofwm= Y fe=> > fle- > fleo]|= D b =b
(u,v)eE(G) ueV(G)eeo‘&(u) ucA eeo‘&(u) eeéz;(u) ucA

¢'(f) =c(f) +ab

Figure 28: Transportation problem

12.3 An optimality criterion

Let f be a b-flow. G is defined analogously like in the max-flow problem. Costs in G:

¢f: E(Gp) > R

(e) = c(e) e € E(G)
PO\ ee) TeEW©G)

Definition 6s. Let G be a digraph with capacity u : E(G) — R, andlet f bea b-flowin G.
A f-augmenting cycleis a cyclein Gy.
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Theorem 66. Let G be a digraph with capacity u : E(G) — Ry. Let f and f’ be b-
flowsin G. Then g : E(G) — R with g(e) = max{o, f'(e) — f(e)} and g(¥) =
max {o, f(e) = f'(e)} Ve € E(G)isacirculationin G := (V(G), E (G)). Furthermore
itholds that g(e) = o Ve € E (G) \ E(G) and ¢(g) = c(f") — c(f).

Proof.
P
YveV(G)=V(G)

P ICEND Y

eest,(v) ees,(v)
G G

= > max{o,f"(e) = f(e)} -

eeég(v)

Do —maxfo, f(e) = f(e)} -

ee&é(v)

> max{o,f'(e) - f(e)} +

eeda(v)

Y., —max{o,f(e) - f'(e)}

eeég(v)

7 ST
A A

Figure 29: Proof for proposition .1

(a) is 5% (v). (b)is 5(_(_;, ).
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D, (max{o.f = fi-maxfo.f = [}~ Y. (f'(e)=f(e))

e (v) —fi—f e€s;(v)

= > (f@-fe)- D, (fer-fle)=o

eeég(v) led g (v)

P
2casesfore € G \ E(Gy):

forward edge e € E(G) f(e)=u(e) g(e) =max{o,f — f} =max{o,f ' —u}=o
backwards edge € € E(G) f(?) =o0 g(e) —max{o, f — f'} = max{o,0— f'} =0

]

c@)= ), glex(e)

ecE(G)
= ), c@maxfof(@-f@}+ D, —e(@max{o.f(&) - f ()}
e€E(G) €eE(G)
= Z c(e) max{o, f' — f} + Z c(e)[-max{o, f - f'}]
ecE(G) eeE(G)
= Z c(e) [max{o, ' — f} — max{o, f — f'}]
ecE(G) fr(e)-f(e)
= > e (f(e) - f(©) =c(f) - e(f)

ecE(G)

Theorem 67. For every circulation f in a digraph G there is a family C of at most E(G)
cycles in G and positive numbers £(C) ¥ ¢ € C with

flo=" > k)

ceC,ecE(C)

Proof. This follows directly from the flow decomposition theorem for s-t-flows with arbi-
trary weighted s,¢ € V(G),s # t because circulation f is also a s-t-flow with flow value
o.

fle) = Z h(P)+ Z h(c)Ye e E(G),h(P)>oVPeP,h(C)>oVceC
PeP,ecE(P) ceC,ecE

value(f) = Z h(P)=0= h(P)=o¥PeP
PeP

with [P[+|C| = O(|E(G)])
o

Theorem 68. (Klein, 1967) Let (G, u, b, ¢) be an instance of MKFP. A b-flow g has minimum
costs exactly iff there are no f-augmented cycles with negative costs in G 7.
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Figure 30: Proof of theorem 68

Proof. Direction of proof: =

Assume thatan f-augmented cycle C (in Gy) exists with y < o (y := Y.cg(c) cr(e)). Let
0= mineeE(C) uf(e) > o.

Extension of Gy from forward edge — +6 in G. Backward edge from backward edge — —&
inG.

Augment flow and retrieve f” with

f(e e€ E(C),'e ¢ E(C)
foc=f(e)=1f(e)+6 ecE(C)
fle)—6 e e€E)

f’is a b-flow.

c(fy= D, c@fe= Y c@f@+ Y, cef e -fle)

e€E(G) e€E(G) ceeE(C)
=c(f)+ Y c@o+ D —cle)=8) =c(f)+ 5( c(e) - zc(e))
ecE(C) e:T€E(C) ecE(C),ecE(G)

e € E(C),'e ¢ E(C)

=c(f>+6( D, @+ c(‘e‘))

ceE(C) CeE(C)
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c(f') = c(f) + 6y = c(f’) is not optimal

Direction of proof: <

Let f be a not-minimum cost b-flow. Show that there exists some f-augmented cycle K in
Gy with c(k) < o.

Let f” be a b-flow with ¢(f”) < c(f).

Definition as in Theorem 66: g : F - R, with g(¢) = max{o,f’ — f}and g(‘¢) =
max {o, f — f'} Yc € E(G).

According to Theorem 66, g is a circulation. From Theorem 67 it follows that family C of

. H . .
cyclesin E exists with

h:C—- R, G h(C)

gley=" > hi)
ceC,ecE(C)

Because g(e) = o Ve ¢ Gy, forallc € Citholds that E(C) C E(Gy) (Theorem 66). Also
it follows that c(g) = c¢(f’) — ¢(f) < o.

o>cg)= ) cgl)= Y c@) Y h()

ecE(G) ecE(G) CeC.ecE(C)
= Z h(c) Z c(e) = Z h(C)
CeC 1€ E (G)NE(G) CeC

= AC € Cwithc(C) <o

12.4 Minimum-mean cycle cancelling algorithm

This lecture took place on 18th of November 2014.

Theorem 69. (Corollary.) A b-flow has minimum costs iff (Gr,Cy) has a (valid) potential
function.

Proof. b-flow f is optimal & Acycle K with cf(K) < oin (G, Cy) < T potential function
7 : V(Gy) = Rsuchthatcp(n, f) + n(n) — x(v) > oV (u,v) € E(Gy) O

Proof. Second proof to prove corollary (using linear programming)

Let (x¢)e eE(G) Which corresponds to a b-flow. Costs:

- Z CeXe — Mmax
ecE(G)

Linear programming: Z Xe — Z Xe =b(v)Yv € V(G)
eedt(v) eed(v)
Xe <u, Ve € E(G)
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Algorithm 13 Minimum-mean cycle cancelling algorithm

Given. digraph G, u : E(G) — Ry, ¢ : E(G) » R, b: V(G) = Rwith ¥, ey (G) (V) =

o

Find. A b-flow f* with minimum costs ¢(f*) = Y.ep(G) c(e) - f*(c) or “no b-flow exists

inG”

Remark. f’|g(G) denotes f” restricted to the edges E(G)

r Extend G by vertices s,f and edges (s,v), (v,t) Vv € V(G) with u((s,v)) =

max {o,b(v)}. u(v,t) = max{o,—b(v)} Yv € V(G). Let G’ be an extended net-
work. Determine max-s-t-flow f” in G’.

2 if value(f’) < Xy ev () P(v) then

3 “there does not exist a b-flow in G”

4 else

s lec f = flE@G)

6: endif

7: while 3 cycle with negative weights in G do

8: Determine cycle K with min % in Gy.

9: Augment falongK : f:= f® K

10: end while

u: return f

x, >2oVee€ EWG)

Dual problem:

(DLP) min Z b(v)yy + Z UeZe

vev(G) ecE(G)
Yu—Yv+Ze 2 —Ce Ve =(uv) € E(G)
z>2oVeeE(G)
yw eERVYv eV(G)

Let (Xe )e €E(G) be a b-flow.

= (X¢)eeE(G) is valid for linear programming

Theorem about complementary slacks:

Theorem 70. x optimal = 3 optimal solution (2¢)eee(G), (Yv)v € V(G) of DLP with
non-satisfied complementary slack.

=X, (Y, -Y, +z.+c.)=0oVee€ EG)
Ze(Ue — x¢) =0 Ve € E(G)

0< -z, <c(e)+y, —yy,fore = (u,v) € E(G) with X(e) < u(e)

and
cle) +y, —yy =—2. <ofore = (u,v) € E(G) with X, > o

= (¥v)vev(G) is a potential function

because ¢(u,v) + y, — yv» = 0oV (u,v) € E(Gy). We have 2 cases for (u,v) € E(Gy):
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L Xuy < Uy, (e =(u,v) € E(G))

2. Xyy >0

—c(u,v) +y, —y, = ofromce +y, —y, <o

Can all be inverted! O

12.4.1  Analysis of MMCC (Min Mean Cycle Cancelling algorithm)
Denote the minimum average weight of a cycle in G ¢ with p(f)

YecEK) Cr(e)

f) = min
K f kiscyclein Gy |E(K)|

Theorem 71. Let f, f,. .., fk be asequence of b-flows such thatforalli = 1,2,...,k — :
1(fi) < oand fi, originates from f; by augmenting f; along cycle K; in Gy, (fiy =
fi ® K;).

For now let K; be a cycle with minimum average weight in G¢. Then the following state-
ments hold:

u(f) < u(fin) Vi
u(fi) € ——p(fe) Vi <1
n—2

with property that K; U K; contains at least one pair of edges of opposing direction.

Proof. Let i be static. Consider (V(G),E(K;) U E(K;4,) and remove edges of opposing
direction. Results in a digraph H (edges occuring multiple times are counted twice).

H is subgraph of Gy : (e € E(K;4,) \ E(Gy) = ‘¢ € E(K;)). H is Fulerian graph = can

be decomposed into several cycles E, k_z,. .. ,E in Gy,.

O<Ye<ue U, - X,

— X\

— N\
= ~__
\y -
\_/
Xf< Ug Ug - Xg

Figure 31: Proof of theorem 71
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0)
|E(K,)|

zpu(fvisj<l

+ Equationt: |E(H)| = 2521

E(K))|
* Weights of edges of opposing direction would cancel out each other:

l !
C(E(H)) = ) c(E(K) = Y u(fo) |[EEK)| = u(f) | EH))|
Jj=1

J=

Equation 2:
c(E(H)) = c(E(K})) + c(E(Kj)) = u(fi) |E(K)| + u(fi) | E(Kis) |

From both equations it follows that

uatio

S WD B

Equation 2

- c(EH) = pu(f) |EK)|+ p(fi) |E(Kiw)] "
> u(fi) IE(Ki) | + pu(fiv) |E(Kiw)]
How can we show the last inequality >?
|E(H)| < |E(K))| + |E(Kiw)|  p(f:) < oholds otherwise algorithm terminates
u(fD1ECH) | = p(fi) |[E(KD)| + p(fi) |E(Kis)]
= u(fi) < p(fiv)

Proving point (2) of Theorem 71: Consider without loss of generality i, j such that u(f;) <
" u(fe) and K, and K have no edges of opposing direction Yi < j < /.

n—2

Build H from (V(G), E(K;) U E(K.)) by removal of opposing edges.

H is subgraph G,
e € E(K))\Gy, > € € E(K))UE(K;—)U...UE(K;—,) = € € E(K;) = e € E(H)

This is a contradiction.

Eulerian H is decomposed into K,... K, cycles in Gy, . Analogously as in point (1):
c(E(H)) 2 u(f)|E(H)|,c(E(H)) = u(fi) |E(K;) |+ u(fe) |[E(KD)]
Furthermore it holds that

\E(H)| < |E(K)| + | EK)| -2
= |E(K»|+|E<K»|—%

< |E(Ki)|+|E(Kl)|_%|E(Ke)| withn < |E(K,)|
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= E(H) < |E(K)|+ = |E(K)|

u(fi) [E(H)| < c(E(Hy)) = p(fi) |E(Ki)| + pu(fe) |E(Ke)|

MU LECKD|+ p(f) == | E(K,)]

= u(fi) £ ——u(f.)
n-—2

Theorem 72 (Corollary). During the MMCC algorithm |u(f)| is decremented all m - n
iterations by at least factor 2.

Proof. Let K;,Ki4y,. .., Kism be augmented cycles in m continuous iterations of the algo-
rithm. Every cycle has a bottleneck edge = (n +1) bottleneck edges = at least one repetition
of an edge = at least one pair K, K; exists fori < j < [ < i + m which contain edges of
opposing direction. From Theorem 71 it follows that

u(fj) < u(fy) £ ——p(fo) € ——pu(frem)
n-—2 n-—2a

()] = —— | frem)
n-—2

n-2
=, D2 [u(fiem)]
After n such sequences of m iterations (= after n - m iterations), u(f) is decremented by at

n
n— 1 1
least( — ) <z <

el < (22) o) < 2 10

]

]

Theorem 73. Assume ¢ : E(G) — Q (without loss of generality: ¢ : E(G) — Z)
it holds that: after O(nmlog, n |cmin|) iterations the MMCC algorithm terminates with
Cmin = min{xc.|e € E(G)}.

Proof. Correctness. Start with b-flow fi:

YecEK) c(e) . 1E(K)| " cmin
> m

M( 0) = min £
f KqgdeinGy,  |E(K)| |E(K)|
/J(fo) > Cmin
|,u(f0)| < |Cmin|
After m - n - log(n | Ciy |) iterations it holds that
Ilng"\Cminl I I
lu(HI < - [u(fo)l = lu(fol < =
2 n |Cmin| n
I
()l < =
n
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Show that .
lu(f)| < = = Anegative cyclein G ¢
n

_ ZeeE(km C(€)
'u(f)_—lE(K*)l >

I
n
|E(K)|<n= ——— >~
[E(K*)| ~ n
#(f)SMif Z cle) <o

ecE(K*)

= Z c(e)2n~u(f)>n(—%)=—1

ecE(K*)

= Z cle) > —1
ecE(K*)

and c(e) € Z VY e € E(G) where K™ are cycles of minimum average weight

= Z cle) >o

ecE(K*)
This is a contradiction with 3, ¢ g(x+) c(e) < o.

Time complexity of MMCC. O(mn) per iteration (determination of K* as optimal cycle)
and O(nmlogn |Cpiy|) iterations.

= O(m*n*logn | cmin|) runtime
O

Theorem 74 (Tarjan, Goldberg, 1989). The MMCC algorithm can be implemented with
O(m?n* log n) runtime.

A proof for Theorem 74 is not provided.

This lecture took place on 24th of Nov z014.

13 Successive shortest path algorithm

Also “Shortest Augmenting Path algorithm”

Theorem 75. Let (G,u, b, c) an instance of MKFP and f be a b-flow with minimum costs.
Let P be a shortest s-t-path in regards of ¢y in Gy forany s,t € V(Gy). f’ results from f

by augmentation along P by ¥ < min {uf (e):e€ E(P)}, hence
f(e) e¢ E(P),'e ¢ E(P)
fley=4 fle)+y e € E(P)
ORS e e EP)
Then f” is a b’-flow with minimum costs where
b(v) Vv ¢ {s,t}
b(v)=4 b(v)+y v=ys
bv)—vy v=t

72



Y Y 4 Y Y

Figure 32: Proof of theorem 75

Proof. Assume f” is not a cost minimum b’-flow. So there exists a cycle K with negative
weights in Gy Consider H, = {v(G),E(K)U E(P)}. H shall be derived from H, by
removing any pairs of edges of opposing direction.

Observation. H is subgraph of G because for e € E(K) \ E(Gy) it must hold that e €
E(Gy) and (e, ‘e) was already removed.

= e ¢ E(H)

* ¢(E(H)) = c(E(K)) + c(E(P)) < c(E(P))

* degy (v) =0 mod 2forv # s, (because of cycle and path).

H can be decomposed into cycles ki, . . ., k; and a s-t-path.

Figure 33: Proof of theorem 75 (cont.)

1
c(E(P)) < c(E(H)) = Z c(E(K;)) +c(E(Py)) < c(E(P))

=1
N e
=0
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This is contradictory to the selection of P. O

3.1 Initial flow for successively shortest path algorithm

* If ¢ is conservative, start with o-flow as optimal b-flow with b = o.
« If ¢ is not conservative, start with

u(e) cle)<o
o cle) 2o

fle) = {
This is optimal for b(v) = Y+ f(e) — Xs- f(e) ¥Yv € V(G) because in Gy it

holds that cf(e) = ¢(€) > o Ve € E(Gy) with @ € E(G) and c(%) < oand
cr(e) 2o0VYe € E(Gy)withe € E(G)and c(e) = cf(e) > o.

13.2  Successively shortest path algorithm

Algorithm 14 Successively shortest path algorithm
Given. (G,u,b,c) network withu : E(G) — Ryand b : V(G) — R such that
2vG) b(v) = o.c: E(G) — Ris conservative
Find. Cost minimum b-flow f or report “there is no b-flow in G”
v Let f(e)=o0o VYe€ E(G) b'(v)=b(v)VveV(G)

if b’(v) = o Vv € V(G) then

stop and return f
else

choose s € V(G) with b’(s) > o and ¢t with b’(¢) < o, which is reachable from s
in Gy.
6 if there does not exist s,¢ then
7 stop and report there does not exist a b-flow in G.
8
9

w R owor

: end if
: end if
10: Determine a shortest s-t-path P in G ¢ (shortest path in regards of weights cy).
m: Computey = min {b'(s), ur(e)Ve € P, —b’(t)} (we are not allowed to overwrite b’s).
n: Letb’(s) = b'(s) —yand b'(t) = b'(t) +y.
5: Augment f along P: f = f @ P (with valuey). goto2

Theorem 76. Let G be adigraph withu : E(G) = Ry andb: V(G) - R

Z b(v) = o

veV(G)

Abflowin G © VX C V(G) it holds that:

Z ule) > Z b(v)

e€dot(X) vev(X)

The proof for Theorem 76 is given in the practicals.

Theorem 77. If the algorithm terminates with “there does not exist a b-flow in G”, this state-
ment is correct.
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Proof. Let X € V(G) such that Vv € X it holds that, v is reachable from s in G, where f
is the current flow resulting in “there does not exist a b-flow in G” and s € V(G) is a vertex
with b(s) > o for whichno t € V(G) with b(¢) < o reachable from s in G exists.

fle)=0 b(s) > 0

‘i' b(x) 20
\

Figure 34: Proof of theorem 77

Then:
b'(v) = o Vv € X (otherwise we would have found some )

Douerye D f@+ D = > fle)

eest(X) eest(X) ceXXXNE(G) eeXXXNE(G)
———
all edges in X
A IRICEDINIC
veX \ee€st(v) eed(v)
= Z b(v) = b'(v) < Z b(v)
xeX veX

because b(v) —b’(v) < oand one of them is smaller, because otherwise the algorithm would
have terminated. f isa b”’ low where b — b” = b'.

Z u(e) < Z b(v)

From Theorem 76 it follows then that no b-flow exists.

Does the algorithm terminate? Given b(v) € Z Vv € V(G) andu : E(G) — Z, with
the initial flow using integers. Then it holds that b’ € ZWV @1 us € ZLE(G” andy € Z.,
during the algorithm run.

is a contradiction.

Z*+ = {1’2"37' . }

After each iteration:

N O N Ao | RS S A CO T

vev(G) vev(G) vev(G)

before augm. after augm.
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after at most : Z Z |b(v)| iterations, it holds that b’ = o

2 L EV(G)
1
B :=-
D IML!
veV(G)
Time complexity.
O(B -m - n)

B iterations, O(mn) per iteration = pseudo-polynomial |

Theorem 78. Ifu : E(G) — Z,,b : V(G) — Z and c is conservative, the successive
shortest path algorithm can be implemented in O(nm + B(m + nlogn)).

Proof. Assume wlog. there exists exactly one v € V(G) : b(v) > o. Otherwise consider
G =(V(G)Y{s},E(G)UYU{(s,v) : v e V(G),b(v) > o}).

x% o V1

N b(v,) >0
\3«6/
c=0

o o V2
C\\O b(v,) >0
) b(vy) >0

Vk

Figure 35: Proof of theorem 78

b(s) = Z b(v)

veV(G)
b(v)>o

b= > o
Yvev(G)
b(v)>o
b(v) = b(v) for all other capacities u of new edges.

Assumption wlog: All vertices t with b(¢) < o are only reachable from the single s satistying
b(s) > o. All vertices not reachable from s and its incident edges can be removed. m]

Theorem 79. In every i-th iteration of the algorithm a potential function 7 exists:

m:V(G) - Rin Gy, (cs;(u,v) + m(u) —n(v) 2 0) Ve € E(Gy,)
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Proof. Proof by induction.
Induction base. f = o,c conservative, Gy, = G = I potential function 7.

Induction step. Let f;_; be a flow before the i-th iteration. From the induction hypothesis it
follows that a potential function 7r;_; exists. The shortest path computation shall happen in
regards of ¢, (u,v) + mi— () — m;—;(v). Let [; (v) be the length of the shortest s-v-path in
Gfiﬂ'

Letm;(v) = mi— (v) + 1;(v) Vv € V(Gy,_,). Show m; is a potential function in Gy, .
Consider e = (x,y) € E(G) \ E(P) (“old edges”)

L) £Li(x) +cq(e) = Li(x) +1(e) + m—y(x) — mi ()
> o <cle) +mi(x) +1;(x) = (mi— (y) + [;(y)) = c(e) + mi(x) — m; (y)

“new edges” or “augmenting edges”: A new edge ‘e = (y,x) isintroduced on a path P from
stotinagraph Gy, for some edge (x,y). This new edge constitutes a new graph Gy, .

Ve = (x,y) € Pitholdsthat[;(y) = l;(x) + cx,_ (e) = l;(x) + c(e) + mi_(x) — m;i—,(y)

= o0 =c(e)+m(x)—m(y) (analogously to “old” edges)
= (@) =—cr(e)=0 Vv
O(mn) in first iteration (first potential function). For other O(B) iterations, we use Dijk-

stra’s algorithm to compute the shortest paths in O(m + nlog n) per iteration and we com-
pute the new potential function (as given in the induction step) in O(n)

= O(mn + B(m + nlogn))

This lecture took place on 25th of Nov 2014.

Theorem 8o (Edmonds and Karp, 1972). The capacity scaling algorithm solves the MKFP
with integers b, infinite capacities and conservative weights correctly. The algorithm can be
implementedin O(n(m+nlogn) log bmay) runtime where by, := max {b(v) : v € V(G)}.

Proof. Correctness proof.

Analogously as with successively shortest paths (for y = 1 we use integer integrity). So we
have to point out that in step 4, the augmentation is valid.

Runtime complexity proof.

A phase of the algorithm is a sequence of consecutive iterations which use the same value of
. We prove: There are less than 4n augmentations in every phase.

Assumption. There exists a phase with > 47 augmentations. Let f be a flow at the beginning
of the phase. Let g be a flow at the end of the phase. g — f is a flow. Let " be balance values

of g — f:
P'wy= Y @-He- ), @=fe)

eest(v) ee€s(v)
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Algorithm 15 Capacity scaling algorithm

u(e) =+ Ve € E(G)
b(v) e ZV¥v e V(G)
¢ : E(G) — R conservative

Given. (G,¢,b), Yy ev(G) b(v) = o,c conservative
Find. b-flow with minimum costs or A b-flow in (G, ¢, b)
v b'v):=b(v)VveV
2 f(e):=oVeeE(G)
if byax > o then
y = 2l08Pma] with (b, == max {b(v) : v € V(G)}).
else
return f
end if
if b’ = o then

return f

2 ® N v oW

10: else

1n: select vertex s and ¢ with b'(s) > y

2 select vertex b’(t) < —y such that is reachable from s in Gy.

13: if no such pair exists then

14: go to 22

15: end if

16: end if

17: Determine a s-t-path P in Gy with minimum weight (in regards of c).
8: Letb'(s) :=b'(s) —y

19: Let b’(t) := b’(t) + 7y (hence y flow units are going through P)

w0 fi=f®P

2 goto 8

22: if y =1 then return “no b-flow exists”

23: else

24: y =
25: goto
26: end if

oo PR
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° °
(S
b'(s) 2y b'(t) =-y
Pin Gf

Figure 36: Capacity scaling algorithm proof
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+ It holds that ZVEV(G) |bI,(V) | > 8ny.
Rationale. f, f,, f5,.... /1 =8

y = fv flv fz: i fl

l

o o——>——>—>0
Sq L5

Figure 37: Capacity scaling algorithm proof rationale

by, (s)) = bp(s) +vy
br,(v) =br(v) Vv € V(G) \ {1,,1,}
bf.(tl) = bf(tx) -

= > |brm]= D |br)]+ 2y

veV(G) veV(G)

After > 4n iterations it holds that

Z |bg(v))2 Z |bf(v)|+8ny

veVv(G) veV(G)

= Z |b”(v)| = 8ny

vev(G)

S:={xeV(G):b"(x) > o}
StT:={x e V(G):b'"(x) = 2y}

T:={xeV(G):b"(x) <o}
T :={x e V(G) : b (x) < —2y}

Isthereapath from S* to 7™ in G#? No, otherwise the 27y phase would not be finished

yet.
Let X be the set of reachable vertices from S* in Gy. = the total value of all sinks
reachable from S* is > n(—2y) = —2ny.

In figure 39, if the upper edge does not exist, it is saturated, but (o) = oo = edge
does not exist; analogously the other direction.

Because g-fis a b”-flow, it holds that

Z b’ (x) < 2ny

xeS*

8o



S T

Figure 38: Capacity scaling algorithm: sets S, S*, T and T*

X X¢

Figure 39: Capacity scaling algorithm: sets X and X¢

because in general it holds that

Z b(x) = o

xeX
because
o= Z b (v) = Zb”(v)+ Z b’ (v) = Zb”(v)
veV(G) veX vex<C xeX

= Z Z ?(e)— Z ?(e) = inner edges get cancelled =
veXC \eed*(v) ees~(v)

= > flo+ > flo- > flo=o
ees*(x¢) 2o ee(X'xXC)NE(G) ee(XCxXC)NE(G)

= Z |b”(v)|=sz”(v):z Zb”(v)+ Z b (v)
veV(G) xeS xedt xeS\S*
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< 2(2ny + 2ny) = 8ny
This is a contradiction to our assumption.

Hence there are < 41 augmentations per phase. The number of phases equals to the
number of halvings of 208 bmax) yntil y < 1is reached.
= number of phases < log byax + 1

= O(nlog bp,y) iterations

with reduced costs from Theorem 76
O(mn + (m + nlogn)nlog bpmax)

= O((m + nlogn)nlog bmay)

14 Time-dependent dynamic flow

This lecture took place on 1st of Dec 2014.

* Transit time per edge
* Value of flow over edge e can vary in time process
fe(®) flow values at timestamp ¢ at edge e

Definition 81. Let (G, u, s,t) be a network with capacitiesu : E(G) — Ry, source s, sink ¢
and transittimes ! : E(G) — R, (e — [(e))and atime horizon [0,T] withT € R,. Thena
timedependent s-t-flow s is a Lebesgue-measurable function f, : [0,7] = Ry Ve € E(G)
with all properties:

* fe(@) Su(e)Vee E(G)V{ € [o,T]

 exp(1,a) = Sees-o LT F(0) dE = Secoriy [ Fo(O) AL = 0y €
V(G)\ {s} Ya € [o,T]

value(f) := exs(¢,T) is called value of flow at timestamp 7.

141  Max-Flow-over-time problem (MFoIP)

Given. (G,u,s,t,1),T € R,

Find. Determine a timedependent flow f, : [0,T7] — R, Ve € E({) with maximum value

f

Theorem 82. (Ford, Fulkerson, 1958) The MFoI'P can be solved with the same time com-
plexity like MKFP.
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Proof. MFGIP can be reduced to (static) MKFP. Without loss of generality: There are no
edges ending in s in G (flow delay!). Construct a new network (G’,u,0,c¢).

G = (V(G),E(G) U{(t.5)})

u:E(G) - R,
with u(e) as the same like in (G, 5,t,u,1) fore € E(G) and u(t,5) = Y. cg(c) u(e).

c:E(G)>R
| l(e) ec€E(G)
cle) = -T e=(t,5s)

Determine a circulation f’ with minimum costs in (G’,u,0,c¢).

Theorem of Gallai: There existsafamily C of cyclesin g’ withh : C — Ry, K = h(K) > o
with |[C] = O(|E(G’)|) and f(e) = Y kec,eck M(K) Ve € E(G').

f” has minimum costs — ¢(K) < o VK € C.

In the other caseif K, with ¢(K,) > o exists, consider f"' with f”(e) = Y g ec\(k,}.ecx BHK) Ve €
E(G’). f” is circulation.

c(fy= DL freeer= Y eK)< Y e(K)=c(f)

ecE(G") KeC\{K,} KeC

This would be a contradiction.

(t,5) € K YK € C because (t,s) is the only edge with negative costs

Lete = (v,w) € K. Denote dX the length of the path of s to v in K in regards of costs c.
Define
fi@) = > h(K)Vee E(G)Vo<{<T
keC.c(K)<o
eeK,dX <¢<dK-c(k)
£<T-1(e)-dK

w,t

df +7+1(e)<T

Define
c(k)y=df +l(e)+dy, - T

d¥ —c(K)y=T-1(e) - df,

Whenis 5, a £, ({) dynamic flow?

FiO =D hK) < D h(K) = f(e) <n(e) VeV { € [o,T] (s)

KeC
c(K)<o
ecK
max{o,a—l(e)} a |
eXf(v,a)=Z/ - Z/ >0 6)
ecs™ V0 ees...7°
DD K= Y Y kK = Y fe- D fler=o
ecd (v) KeC eest(v) KeC ees(v) eest(v)
c(K)<o c(K)<o
ecK ecK
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because f” is circulation

max{o,T—1(e)} ,
value(f*) = exp:(1,T) = Z / ff({) di = - Z c(e)f'(e)

eed (1) ecE(G)
A
max{o,T—[(e)}
-y LY
eeo(t)V° KeC
c(K)<o

eeK
dX <¢<dX—-c(K)

= Z Z h(K)/:_C(K)Idgz Z Z h(K)(—c(K))

eed (1) KeC eed(t) KeC
c(K)<o c(K)<o
eekK eeK

= Z Z h(K)(—Zl(e)+T)

eed(t) KeC eekK
c(K)<o
eek

= Z —I(e) Z h(K)+T( Z f(e) - Z f’(e))

ecE(G) (Ig{e)g ecE(G) ecE(G)
(& o
ecK
N———"

f'(e)

= > -lof'(e)

eeE(G)

15 Matchings

15.1  Definitions and optimality criterion

Definition 83. G = (V,E) is undirected. M C E is called matching if Ye,e, € M :
e; N e, = 0 (in words: no edges share a vertex). A vertex v is matched by M if Je € M with
v € e. A matching M is called perfect if every vertex of M is matched by M. A matching
M is called maximal if for every matching M’, |M’| < | M. The matching number of G is
defined as

B(G) = max{|M| : Mis amatching}

A vertex coveris asubset C € V(G) suchthate N C # 0 Ve € E(G). A minimum vertex
cover is a vertex cover of minimum cardinality. The vertex cover number of G is defined as

C(G) == min {|C| : C is vertex cover}
Observation 84. For a triangle (3 vertices, 3 edges):

C(K;) =2 B(K,) =1

84



Theorem 8s. Let M is a matching. Let C is a vertex cover. It holds that,

B(G)= max |[M|< min |C|=C(G)

M matching C vertex cover
= B(G) < €(G)
Definition 86. Let G be an undirected graph and M a matching. A path in G is called m-
alternating if its edges are alternatingly assigned to the matching and not assigned. Hence
P = (VO’VIav27' .. 7Vk)
Vi-Lvi) EM = vi,vip ¢ M and
icVi)¢EM = vi,via €M Yi1<i<k

If a M-alternating path starts and ends with a non-matched vertex, itis called M-augmenting.
An example is given in figure 40.

Observation 87. Let M := M AP where M is a matching and P is an M-augmenting path:

M =(M\P)U(P\M)

* We show: M’ is a matching (compare with figure 41). Let e;,e, € M’
—e,e, e M\P=enNe, =0
—e,e, € P\M=enNe, =0
- e, EM\Pe, e P\M=>enNe,=0

« Weshow: | MNP|=|P\M| -1

It holds that, [M’| = | M| + 1, because P contains one matching edge for one non-
matching edge and one additional non-matching edge.

M’ =(M\P)U(P\ M)
It is trivial to see that (M \ P) and (P \ M) are disjoint. Hence,
|M'| =M\ Pl +|P\M|
For any two sets M and P it holds,
M=(MnNP)U(M\P)
Also M N Pand M \ P are disjoint. Hence,
IM|=|MNP|+[M\P|
Followingly,

M| +1=|M’|
IMAP|+|M\P|+1=|M\P|+|P\ M|
IMAP|=|P\M|-1

We conclude:
= |M N P| = |P\ M| -1
—_———— ~——
red edges in figure 40 blue edges in figure 41

We call P M -augmenting.
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Figure 40: M-augmentating path example. Red edges define a matching, blue edges define
an m-augmenting path from 3 o 7. P = (3,4,1,5,2,6,8,7).

1 4 7

2 3 8
6

3

Figure 41: M’ of the M-augmentating path example. You can immediately recognize that it
is indeed a matching and | M| = 3 whereas | M| = 4.

Figure 42: An M-augmenting path (blue) and a maximal matching (red). You can exchange
M N P with the edges of M AP and will end up with a maximal matching.
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This lecture took place on 2nd of Dec 2014.

Theorem 88 (Berge, 1957). Let M be a matching in G. M is maximal if and only if there is
no M-augmenting path in G.

Proof. Direction of proof: <
Proof by contradiction: Assume there exists a M-augmenting path.
Then M is not maximal (see section about max-flows)".

Direction of proof: =
Proof by contradiction: Assume M is not maximal and no M-augmenting path exists.

1. Then there exists a matching M” such that |M’| > | M.
2. Consider D = MAM’ (= (M \ M’) U (M’ \ M)). It holds that,

deg,(v) <2 Vv eV(G)

because if more than three edges touch vertex, then edges in M and M’ cannot
be alternating.

3. D consists of the following components:

+ Isolated vertices
* Cycles with alternating edges
* DPaths with alternating edges with distinct end points

Cycles must have an even cardinality, because edges are alternating, because oth-
erwise two edges of M or M’ are not disjoint.

4. M’ islarger than M according to (1.), followingly one component of D has more
edges from M’ than M*

5. This component cannot be an isolated vertex (no edges) or cycles with alternat-
ing edges (contradiction to even cardinality). So it must be a path. This path is
alternating.

This is a contradiction to our assumption, that no M-augmenting path exists.

Algorithmic idea.

1. Start with arbitrary matching M = M,, (eg. M, = 0).

2. While there exists an M-augmented path P, repeat

M := MAP

3. M is maximal. Return M.

'Informally put: make matched edges not matched, vice versa and you retrieve a larger matching.

* The two vertices of the additional edge cannot occur in two different components, because edges are not in-
cluded if they occur neither in M nor M’ or in both. So if you start with a vertex matched only by M’ you get an
alternating sequence of edges until you end up with another vertex only matched by M".
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15.2  Matchings in bipartite graphs

Theorem 89. The M AP maximum matching problem (MMP) for bipartite graphs is a spe-
cial case of the max-flow problem (MFP).

Proof. Let G = (AU B, E) be an undirected, bipartite graph. Let (G’,u, 5,t) be a network
where G’ is a digraph.
s,t¢ AUB s #Et

V(E') = AU BU {s,1}
E(G’) ={(s,a) :a € AYU{(b,t) : be BYJ{(a,b) € E(G),a € A,b € B}

| L=y
W4

Figure 43: An example for a bipartite graph G converted into a max-flow problem
(G',u,s,t). Itis very interesting to recognize that the selection of vertices for set A or B
is irrelevant. So you can also make the flow go from right to left.

Observation 9o. * Every matching M in G corresponds to a complete flow Fas in G'.
* Every flow f in (G’,u,s,t) corresponds to one matching My in G.

How? We show those relations formally:
* Given a bipartite graph G = (AUB, E). Consider a flow f;:

1 e=(a,b)e AXB,eeM
o e=(a,b)e AXB,e¢ M
Fare) = 1 e=(s,a),a € A,matched
o e=(s,a),a € A,unmatched
1 e = (b,t),b € B,matched

o e =(b,t),b € B,unmatched
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value(fp) = Y f(s,a)

acA
=|{a:a€A, f(s,a) =1} =|{a:a € A,aismatched}| = | M|

* Let f bea s-t-flow in (G, u, s,t) with integer values o and 1.

= f(e) € {o,1} Ye € E(G")

Consider My == {e € AX B : f(e) = 1}. Claim: My is matching.

Proof by contradiction: Consider ¢, = (a,b;) € M ande, = (a,b,) € M. Ina
matching no edges e, and e, exist which share a common vertex. So, this statement
must turn out to be wrong.

= > flo=f(sa)=1

ecod (a)

= > f@)=fle)+ fle) =2

eedt(a)

This is a contradiction to the flow conservation condition. f cannot be a flow, but we
assumed that. So actually, no two edges e, and e, exist which share a common vertex.

Analogously to the first observation, it holds that
value(f) = |Mf) .

Given a bipartite graph (A U B, E) and you want to determine a maximum matching. Then
create one supersource and one supersink. Connect the supersource with all vertices of set A
and all vertices of set B with the supersink. Every edge between A and B becomes a directed
one from A to B. Assign 1 as capacity to all edges. The max-flow of this network (G, u, s,1)
yields a maximum matching. Figure 43 illustrates this construction. |

MMP in bipartite graphs is solvable with O(mn) runtime, eg. with Ford-Fulkerson in n
iterations (flow extension by 1 unit per iteration) and O(m) runtime for determination of
some s-f-pathin Gy.

B(G) < €(G)

In bipartite graphs equivalence holds (Kénig, 1937):
Theorem g1. Let G = (V, W V,, E) be a bipartite graph. Then it holds B(G) = €(G).

Proof. B(G) < €(G) has been shown for general graphs. Show that €(G) > B(G).

Consider MMP as MFP (as in Figure 43). Let f be a maximum s-#-flow of integer values. Let
d(s) be the corresponding minimum cut.

u(6(s)) = value(f)

There does notexiste € (SN V) X (S NV,).

Assumption. There exists e = (a, b). Case distinction:

1. f(e) =0 = e € E(Gy) = b e S. Thisisa contradiction.
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A V,

Figure 44: Bipartite matching — Residual graph

2. f(e) =12 Yees—(a) f(€) = Xeesta) f(e) =0
f(s,a) = Z fle) 21> f(s,a) =1

eedt(a)

Hence a is only reachable from b. b ¢ S = a is not reachable. Contradiction.

= Aec (SNV)x (S xV,)

Construct cover: C = (V, N S€) U (V, N S).

Compare value( f) and

lel =|VinS€|+1V.n S| = |Vin S€|+ {(a.) s a € S}
value(f) = u(6(s)) = > u(e) =|6*(S)| = [C N V| + 1SNV
€6t (S)
O

Theorem 92 (Hall’s marriage condition). Let G be a bipartite graph (A W B,E) then G
has a covering matching for A if and only if [['(X)| > |X| VX C A where I'(X) =
{be B:3acX,(ab)c E(G)}.

Theorem 93 (Marriage corollary). Let G be a bipartite graph with V(e) = AW B and | A|
| B|. G has a perfect matching if and only if VX C A with [T'(X)| > | X| holds.
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A V,

Figure 4s: Bipartite graph

15.3 Theorem of Tutte

Consider general graphs again. Let X C V(G). We define’:

G\ X =V\X{(u,v) e Elué X Av & X}).

Let g (X) be the number of odd (in terms of number of vertices) connected components
in G \ X. Then we can observe: g (X) > | X | = A perfect matchingin G.

=qc(X) < |X| VX CV(G)

Tutte condition

... is necessary and sufficient for existence of a perfect matching in G

Definition 94. A graph G is called factor-critical, it G \ {v} (also denoted G \ v) has a perfect
matching Vv € V(G). A matching M is called almost perfect if G has exactly one unmatched
vertex.

Theorem 95. Let G = (V, E) be a graph, then
gc(X)—1X1=1V| mod2VXCV
Proof.

k
V(G) = 1X]+ ) 1Xi]

=1

3In words: X and all incident edges with X are removed from the graph G
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* LetX; for1 < i < k be the connected components of G\ X. Withoutloss of generality
the odd connected components are the g (X) first ones.

dg(X)
V@) =IXI+ > 1Xi| mod2
=1
* Because
[X;|=1 mod2V1<i<ge(X)
it holds that

qG(X)
D, 1Xil=q6(X) moda
i=1
From both statements it follows that

[V(G)| =1X]+gg(X) mod 2

V(G) —2|X|=|X|+g(X)—2|X|] mod2
V(G)-2|X|=¢gc(X)—1X| mod2
= V(G) =gs(X)—|X| mod2
[m}

Theorem 96. Let G be a graph. G contains a perfect matching if and only if the Tutte con-
dition is satisfied, hence g6 (X) < | X| VX C V(G).

Proof. Necessary? By observation a necessary condition.

Sufficient? Assume Tutte condition is satisfied. Show that a perfect matching exists in G.
Proof by induction over [V (G)|.

|[V(G)| < 2 statement holds

ForV(G) =1
|X|=o0 |X|=1 gc@®)=1<o0

For V(G) = 2
* No edge between two vertices.
X=0 qc(X) =2> o0 (no perfect matching)
* Edge between both vertices.
X=0 gc(X)=0<o Vv

X[ =1 go(X)=1<1 v
| X| =2 gc(X)=0<2 v
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This lecture took place on gth of Dec z014.

Theorem 97 (Theorem by Tutte). Let G be a graph with a perfect matching & g (x) <
|X| ¥ X C V(G) (tutte condition).

Less formally: A graph G = (V, E) has a perfect matching if and only if every subgraph G’

ofany U C V(G) has at most |U | connected components with an odd number of vertices.
The Theorem by Tutte is a generalization of Theorem 92 (Hall’s marriage condition).

Proof. Induction over |V(G)| for non-trivial direction <. Induction base |V(G)| = 1
(done).

Induction base. Condition holds ¥ G with |V (G)| < n.
Induction step. Condition holds for G with |[V(G)| = n.

Let G with |V(G)| = n such that tutte condition is satisfied.

Observation 98 (|V(G)| is even). If |V(G)|is odd: Let X = 0 and gG (@) = number of
connected, odd components in G.

qG () l
V@)1= Y IVEKDI+ D, VK= IV(G)| = 40) mod 2
=1 i=qG (0)+1

[V(K;)|=1 mod 2
= gc(0) 21> 0=10|
The Tutte condition is not satisfied. Contradiction.

Observation 99. Every X = {v} withv € V(G) is barrier. From the last proposition it
follows
gc(V)=1X|=|V(G)] mod2V¥X CV(G)

Especially:
g ({v}) — [{v}| iseven = gg({v}) even

=qc({v}) 21

fomaecomeath e } = g6 (v} = 1= |{v}] = {v} is barrier

Let X is a cardinality-maximal barrier; hence g (x) = | X|.

Observation 100. G — X has no even connected component. Assume there exists an even
connected component K. Let v € V(K). Consider X U {v}.

gk ({v}) = [{v} = V(K)|  mod 2= gg({v})isodd

g6 (X U{v}) =g ({v}) + g6 (X) 2 1+ [X] = |X U {v}|

with tutte condition it follows that g (X’) = | X’| = | X’| > | X | where X is barrier.

gG (X) := number of odd connected components in G — X
gc({3}) =1

Definition 101. A set X C V(G) which satisfies the tutte condition with = is called barrier.
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Observation 102. Every odd connected component of G — X is factor-critical.

Assume there exists a connected component K of G—X, which is not factor-critical. = Jv €
V(K) such that K —{v} does not have a perfect matching. Because |V (K — {v})| < |V(G)]|
the induction hypothesis holds for K — {v}. The tutte condition is zot satisfied in K — {v}.

= 3Y C V(K) \ {v} withgx_(y(¥) > |Y|

Consider X UY U {v} (X, Y, {v} pairwise disjoint)

g (X UY U{v}) = g6 (X) -1+ g (Y U {v})
=|X|-1+gg-pny(¥) 2 [X| -1+ Y] +2
=|X|+|Y|+1=|XUYU{v}
= X UY U {v} isbarrier
| X | is largest barrier.

End of proof for observation 4.



N

™~ all of them

- ‘ < are factor-
\ - critical

Let G’ be a bipartite graph with v(G’) = X U Z where
Z= {zi : z; corresponds to contracted K;,1 < i < gg (X)}
Inner vertices in X get deleted. Edges between X and Z are created by contraction.
We show G’ satisfies the Hall condition, hence
VY A C Z satisfies |[T'(A)| > |A]
Assume that Hall condition is unsatisied = A C Z with |[Tg/(A)| < |A].

96(I'.(A)) = [Al>|Tg(A)]

?

Tutte condition is unsatisfied. Contradiction.

I matching in G’ that matches all vertices in Z hence all vertices in X because | X | = gg (X)
can be fully matched inside of every K;, because K; is factor-critical.

Vi<i<qgs(X)

Hence a perfect matching in G is created. |
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16  Blossom algorithm

This algorithm by Edmonds determines a perfect (or cardinality-maximal) matching in any

arbitrary graph.

Definition 103. Let G be a graph and M be a matching. A tree with root r in T is called
alternating, if

* the root r is unmatched.
* every path of 7 to any vertex v in T is an alternating path.

+ all vertices v € V(T) \ {r} are matched with edgesin 7.

The root is per definition an even vertex. Every vertex in T with even distance from r is called
even vertex. All remaining vertices are odd vertices.

An alternating forest F' where

* Every connected component is an alternating tree

* Every exposed vertex is a root of one alternating tree
Observation 1. Let A(T) be the set of odd vertices. Let B(T) be the set of even vertices.
|B(T)| =1A(T)| =1
Letv ¢ V(T). Letu € B(T). Case distinction:

* vismatched by (r,w) ¢ E(T) withT’ =T + (u,v,w). T’ is alternating and greater
thanT.

* v, is not matched. (u,,v,) ¢ E(T) with (u;,v,) ¢ M. P = (r,...,u;,v,) is an aug-
menting path. Hence M & P is a larger match than M.

Definition 104. Let G be a graph and M be a matching of G and T be an alternating tree in
terms of M in G. T is called degenerated (dt. verkimmert) if Yu € B(T), (u,v) € E(G) =
v € A(T) is implied.
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Theorem 105. Let M be a matching in M in G and T be an alternating degenerated tree.
Then G has no perfect matching.

Proof. We show that the tutte condition is violated. Let X := A(T).

96(X) 2 |B(I)| > |[A(T)| = | X|

Last case: 3 BB-edges hence edges (v;,v,) € E(G) with v;,v, € B(T). Such an edge closes
an odd cycle with the tree. Such a cycle will be contracted. |

This lecture took place on 18th of Dec z014.

Theorem 106. Let C be an odd cycle in G and let G’ be a graph which results by contraction
of C. Let M’ be a matching in G’. Then there exists a matching M in G with

- M c M UE(C)

* the number of non-matched vertices of M in G equals the number of non-matched
vertices of M” in G’

Proof. Build M such that M’ € M and

* Cin E’ is matched by M".
Let e, € M’ be incident with C (super-vertex in G’) and let v, € V(G) such that
e, € M’ is built by contraction of corresponding vertices starting from v,. Extend M
as far as possible by cycle edges starting from v, and initially with the second edge.

* Let ¢ € G’ not be matched. Extend M as far as possible with cycle edges (arbitrary).

As exercise: Show that in both points it holds that the number of odd vertices of M € G
equals the number of odd vertices of M’ in G’. ]
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Algorithm 16 Edmonds blossom algorithm

Given. Graph G and matching M in G
Find. Perfect matching in G or report “A perfect matching in G”
Recall. A(T) is the set of odd vertices. B(T) is the set of even vertices.
vt M :=M,G':=G
2. if all vertices in G’ are matched then
3 return perfect matching M
4 else
5 r is unmatched
6: T:={r},0),B(T):={r},AT) =0
7 end if
8: while A(v,w) € E(G’) withv € B(T),w ¢ A(T) do
9 if w ¢ V(T) and w is unmatched then

10: use (v, w) to augment M’

1 if A no odd vertex in G’ then

12 return perfect matching M’

13: else

14 replace T by ({r} ,0) where r is a (new) unmatched vertex in G’
15: end if

16: else if w ¢ V(T') and w is matched in regards of M’ then

17: use (v,w) and the matching-edge incident with w to extend 7.
18: elseif w € B(T) then

19: use (v, w) to contract

20: update M’,T" and G’

21 end if

22: end while
23: return “G has no perfect matching”
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Figure 46: Edmonds blossing contraction: example for contraction (M’ has 2 off vertices in

G)

Corollary. If Edmonds Blossom Algorithm terminates with a perfect matching (in a con-
tracted graph), then G contains a perfect perfect matching. This perfect matching can be
reconstructed as explained in Theorem 106 with an iterative approach.

Theorem 107. Let G’ be a graph constructed by iterative contraction of odd cycles as in
Edmonds Blossom Algorithm. Let M’ be a matching in G’ and T be a M’-alternating tree
in G, such that Yw € A(T) is w a contracted vertex.

It follows if T becomes degenerated (no edges left), then G has no perfect matching.

Proof. Assign one S(v) € V(G) forevery v € V(G’) such that

S {v} v is not contracted
V) =
Uwec S(w) v is contracted, created by contraction of cycle C

Try to find aset X C V(G) which does not satisfy the Tutte-Berge condition: g(G — x) <
|X| VX CV(G).
X =AT) CcV(G)

q(G-X) = |B(T)|
= Vv e B(T),S(v) is a connected component of G — X and

U S(w)

weC

IS()| = = Z IS(wW)| =1 mod 2

weC

if | S(w)| are all odd (induction of number of iterations)
= q(G-X) > |B(M)| > AT)
Contradiction. ]

Theorem 108. Edmonds Blossom Algorithm terminates after O(n) matching augmenta-
tions, O(n*) contractions and O(n*) extensions of the tree. It decides correct whether a
perfect matching exists.
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Proof. Correctness is given by Theorems 106 and 107.

The number of iterations is the number of matching augmentations < [ 7 | = O(n), because

the matching will never be shrunken. Count the number of contractions (equals number of

tree extensions) between every two possible consecutive M augmentations.

Number of contractions lose at least 1 vertex per contraction

Number of tree augmentations Number of vertices outside of tree decrements by at least
one vertex per tree extension.

It follows that there are O(n) contractions and O(n) tree extensions. |

Theorem109. Edmonds Blossom Algorithm can be implemented with runtime O(nm log ).

This lecture took place on 8th of January zo1s: Welcome to 2015

161 Using Edmonds Blossom Algorithm to determine a matching with max-
imum cardinality

Given. Unweighted instance G = (V, E)
Find. Matching M™ in G with | M™| = maxyis marchingin G | M |
Apply Edmonds Blossom Algorithm:

* Output is a perfect matching: M* = M™ is a solution to P

* Output claims “no perfect matching exists in G”

Let T, be an degenerated tree, which results in output of the second kind. Remove 7, (E(T5))
from G (hence the edges of T7), let resulting graph be G,. Let M, be the matching evaluated by
Edmonds Blossom Algorithm. Let M, := M, \ E(T,). Apply Edmonds Blossom Algorithm
in G, with initial matching M, (probably M, = 0). At termination either

* M, (transformed) is perfect matching in G,

* there does not exist a perfect matching in G,. Let T, be an degenerated tree regarding
M, inG.

Repeat this procedure as long as either a perfect matching in the current graph can be found
or no edges survive.

Let k be the number of repetitions (must be finite, because every repetition removed at least
one edge).

Case distinction:
1. k repetitions terminate with degenerated tree. Let 77,75, . . ., Tx be degenerated trees

and M;, M,, ..., My the matchings at termination at the corresponding iterations of
Edmonds Blossom Algorithm.

2. k repetitions terminate with a perfect matching in Gg—,. Let T;,. . . , Ty, be degener-
ated trees and M,,. . ., M matchings as in the first case.
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LetM := Ui.‘:I M;. We show M is solution to the given problem. Removal from degenerated
tree isolates all vertices in tree because if not all incidenting edges are in the tree, the tree is
degenerated.

Definition 11o. def (M) := |V(G)| — 2| M| = [unmatched vertices| (called deficiency).

Let B(T;), A(T;) be the set of even and odd vertices in 7; with 1 < i < k respectively.

k(k—1)
X = U A(T))

i=1

Figure 47: Basic structure when computing X

k
96(X) = )" |B(Ty)]|

i=1
because in every even vertex create a singleton in G \ X.

For the first case:

k k
DTAAT) +1) = k+ Y |AT)| = k +]X]

96 (X) — | X| = k = def(M)

Analogously for the second case: It always holds that g (X) — [ X | > def (M).

gx(G) — | X| < def(M)

holds for all matching M and for all X C V(G) because At least g (X) — | X| stay un-
matched.

Hence matching satisfies def (M) = gg(X) — | X|. Hence M has minimum deficiency.
Hence M has maximum cardinality. So a solution to our given problem is given.

Remark. Implicitly this is an algorithmical proof for Beige-Tutte.

min def(M) = max (gg(X) - |X])
M matchingin G XcV(G)
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even odd

QO | OO0

qG(X)

17 Weighted matching problems and complete unimodular ma-
trices

17.1 Weighted matching problems

Max-Weight-Matching problem (Max-WAMP)

Given. G = (V, E) is unweighted, ¢ : E(G) —» R

Find. Determine a matching M* such that c(M™) = ¥, cps+ c(€) = maxps marchingin G ¢(M).

Min-Weight Perfect Matching Problem (MinWWPMP)

Given. G = (V,E) is unweighted, ¢ : E(G) —» R

Find. Determine a perfect matching M* with ¢(M*) = min M perfect matching in Ge(M)
or “no perfect matching exists in G”.

Observation. MaxWMP and MinWPMP are equivalent.

Proof! First, we prove MaxWMP is polynomially reducible to MinWPMP. MaxWMP =
MinWPMP.

Let (G, ¢) be an instance of MaxWMP. Construct an instance (G’,¢”) of MinWPMP with
G’ created from G by introduction of |V (G)|. Additional vertices with full degree:

, —c(e) e€ E(G)
c'(e) =
o eec E(G)\ E(G)
Let M’ be a perfect matching in G’. Let M = M’ N E(G).
(M) =—-c(M)
min (M) =~ max c(M)
M is perfect matching in G M matchingin G
because every matching in G in a perfect matching in G’ can be completed.

Now we prove the other direction: MinWPMP is polynomially reducible to MaxWMP.
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Let (G, ¢) be an instance of MinWPMP. Construct (G’, ¢”) instance of MaxWMP with G’ =
Gandc’'(e) = K —c(e) where K =1+ Y .cp(G) lc(e)].

Let M’ be a matching with maximum weight in (G’,¢’).
Observation. M is matching with maximum cardinality in G”.
Soevery |[M,| > [M|and c’(M,) < ¢’ (M").
K|M1| _C(MI) < KlM,| _C(M/)
=>K(M|-|M|) <c(M)—c(M)
K=1+ Z le(e)] < c(M) — (M)

¢€E(G)
This is a contradiction.

M’ is the solution for the MinWPMP problem if it is a perfect matching, because ¢’ (M) =
|K|-|M]| - c(M). Otherwise no perfect matching exists (see Observation). O

17.2 The MinWPMP in bipartite graphs

This is an alternative description of the assignment problem.

Theorem 11 The assignment problem can be solved with O(nm + n* log n) runtime.

Proof. Instance (G,c) withG = (AUB,E) and ¢ : E(G) — R. Transform it to minimum-
cost flow problem.

A B

Figure 48: Structure of instance (G, ¢)

YaeA: (s,a) € E(G)
VbeB: (bi) e EG)
V(G') = V(G) U {s} U {1}
u:E(G) - R,
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ule) =1
b:V(G')—>R
b(s)=n b(t) =-n
b(v)=oVveEAUB

Figure 49: (G, c) with flow fp

Weights are o for new edges. Weights are unmodified for the old ones.

We observe:
* For all perfect matchings M in G, there is a flow fas.

1 e (with loss of direction) € M
fm(e) = 9o e (withloss of direction) € E(G) \ M
1 e=(s,a)Ve=(bt)

c(fu) =c(M)

* Every valid integer flow F corresponds to one perfect matching My with c(My) =
c(f) (with s as source, the flow must be saturated = only valid flows are perfect

matchings).

For the solution of MinWPMP in (G, ¢) solve the minimum-cost flow problem in (G’,u, b,c”)
and determine an optimal integer solution with successive-shortest-path algorithm.

From both observations, we conclude the provided solution is an optimal solution for Min-
WPMP. The runtime is O(mn + B(m + nlogn)) for successive-shortest-path where

I
B=- Z Ib(v)| = n

vev(G)

This is in general similar to the hungarian method by Harold Kuhn (1955). O
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17.3 Definition of the assignment problem as (MI)LP

(MI)LP = mixed integer linear program.

A generic MILP looks as follows:
Minimize ¢’ x subject to Ax < bwith x > oand

x; €Z, ie€elc{y2,...,n}

A generic LP-relaxation looks as follows:
Minimize ¢’ x subject to Ax < bwith x > o.

Introduce some
E
{xe}eer(c) € {0, 1} F(@)

encoding some edge set
M :={e€ E(G):x, =1}

M shall be a perfect matching:

E Xxe= 1 VYveV(G)
N——
eed(v) p.m.

where the perfect matching has constraint c(M) = },cg(G) CeXe- Equality is given, be-
cause < would only show some matching.

min Z CeXe
ecE(G)

Z Xxe=1 YveV(G)
ees(v)

Xe € {0,1} Vee€ E(G)

LP-relaxation: min Y, ¢, X,

er=1 Vv e V(G)
eedv

Xe >0 VeeE(G)

Question: When is optimal solution of LP-relaxation also an optimal solution for MILP?

valid-solution (MILP) C valid-solution(LP-relaxation)
min(valid-solution (MILP)) > min(valid-solution(LP-relaxation))

(=?) whatabout equality?

Sufficient A total unimodular = LP-relaxation “equivalent” MILP.

105



B

0 0 0 0 0O

©o o o0 o0 o0

© 0 00 0 0 OO

0 0 00 0 0 0 0(

© 000 o0oO0O0O
o o0 o

0 0 0 0 0O

Figure so: General linear programming - recognize the linear constraints

This lecture took place on 13th of January 2014.

Definition 112. A polyeder P(B) = {x € R" : Ax < b,x > o} with A € R"™" b € R™ is
called integral (dt. ,,ganzahlig”), if all its corners are integral.

Remark. You can optimize linearly over integral polyeders in polynomial time (“Interior
point method”).

Question. Which sufficient conditions are provided by integral polyeders?

Definition 113. A € R™*" is called unimodular if det(A) € {+1}.

Observation.
A e ann

-1 nxn
A is unimodular } =A"el

where A7 is unimodular. det(A™) = m € {#1}.

adjacency(A)  ((-1)"*/ det(A;)))’

AT = dec(A) det(A)

A € R™" is called total unimodular (abbr. tum) if for every quadratic submatrix B € R

(k < minm,n) it holds that
det(B) € {o,+1}

Considerations:

(1) (aij) = Atotal unimodular = a;; € {o,+1} ViV
(2) A total unimodular = A’ total unimodular
(3) A total unimodular = —A total unimodular

(4) A total unimodular = (A|A) total unimodular (where — denotes vertical concate-
nation)

(4, remark) Let B be a quadratic submatrix of (A|A). 2 cases:

« if B contains two identical columns = det(B) = o
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* if B contains no pair of identical columns = B can be considered as submatrix
of A= det(B) € {o,+1}

(s) A total unimodular = (A|E) is total unimodular where E € R™" is an identity
matrix.

(5, remark) Let B be a quadratic total unimodular matrix of A|E:

* is submatrix of A = det(B) € {o,+1}
* With appropriate rows and S,, permutations 7.
k. + k, =k
|columns in E |

See figure s1 with

A|E
1 0
N
0\1
: A |0
P*.‘B-P,-B
A, ‘ E )

Figure st: Matrix structure for consideration §

1) =jVij
P,rz(Bj(.")):{ J I

o else Vi,j

|det B| = )deté|
det B = det(A,) - det(E,) = det(A,)
(= 2r)
because A is a permuted submatrix of A.

6 Aistotal unimodular = (A| — A) is total unimodular (analogously to item 4)

Attention!
A tum

B tum } = (A|B) tum

As exercise, find a counterexample with det(C) ¢ {o,+1} but A and B are total unimodular.
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Figure s2: Counterexample structure

Theorem 114. (Hoffman & Kruskal, 1956) Let A € Z™*". The following statements are
equivalent:

. Ais total unimodular.
2. Polyeder P(b) := {x € R" : Ax < b,x > o} isintegral Vb € Z™

3. Every quadratic regular submatrix of A has an integral inverse
Proof. (Arthur Veinott, 1968) We use the proof structure1 = 2 = 3 =1

1= 2 Assume A is total unimodular. Show that P(b) is integral for b € Z! hence every
base solution is integral. Let X}, be base solution with corresponding base Ag m X m
submatrix of (A|E) with det(Ap) # o. X = Ayband Xy = o. Because A} €
Z™ ™ (as inverse of the unimodular matrix Ag) and b € Z™ it holds that

Xp € 7" = (XB,XN) ezm
2 = 3 Assume P(b) is integral for all b € Z™. Show that for all quadratic submatrices B €
ZF*k of A, det(B) # 0 = B~ € ZF¥k,

- B €Z™"™ = Bisbaseof (A|E) = Xp = Ayb, Xy = ois base solution (=
corner) because P(b) is integral: so A'b must be integral.

We show that A is integral hence every column of A is integral. Let b; be the
i-th column vector of A% Lett € Z™ such thatb; + > o. Letb(t) := Ap-t+e
with e; as identity vector.

Xp = Agb(t) = A (Apt+e)) =1+ Af -e; =1 +b; >0 }
XNy =o
= (X, X ) is valid base solution (corners) of P(b(t))
= (Xg,Xn)is integral
>t + Ei =Xpis integral
= b; is integral

Because i is arbitrary, A’ is integral.
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Figure 53: Base matrix

B,

0

Figure 54: Matrix structure

- B € ZF*k with (k < m) (Figure 53). Complete columns of B with basis Ap
of (A|E) with column of E. With fitting permutation of rows and columns,
Ap can be represented as (Figure 54) where B is created by column and row
permutations of B. See Figure ss isintegral of bulletitem 1. Figure 56 (equivalent

-1

B' | E

Figure ss5: Matrix structure, part 2

to Figure ss) is integral = B~ is integral.

B=P.BP, = B = (P.BP,)" = P;'B'Pxt
B™' = P B™'pl isintegral

3 = 1 Let B bea quadratic submatrix of A. If det(B) = o, we are done. Else det(B) # oand

B is integral, then det(B™) € Z. det(B™) = m isintegral = det(B) € {+1}.
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Bl 0

88! E,

Figure 56: Matrix structure, part 3

Corollary. Let A € ZM*1 be total unimodular. Then it holds Vb € Z™ V ¢ € Z" that

Figure s7: Linear programming problem

max{c’x :Ax < b,x > 0,x € Z} = min{bty cA'y<c,y>o,y€ Zm}
This is equivalent (because of Theorem 114)
max{ctx :Ax < b,x = o} = min{b’y cA'y <ey > o}
This is the duality of linear programming.

Theorem 115. (Heller & Tompkins, 1959) Let A € {o, £1}"*" with at most two non-zero
eintries per column. A is total unimodular if there exists a partition (R, T’) of the rows in A
(RUT ={1,2,...,m}) such that

* if column j contains two +1 entries, then the corresponding rows belong to different
parts of the partition.
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* if column j contains one +1and one —1 entry, then the corresponding rows belong to
the same part of the partition.

Proof. Let B be a quadratic submatrix of A with B = (b;;). Show that det(B) € {o,+1}.

Induction over number of rows of B. B € {o, £1}**¥.

Induction base k = 1is fine.

Induction step Assume that the hypothesis holds for B € {o, 1} *k=0Xk=0 \We want to
show that it holds for B € {o, 1}¥*k.

« If B contains zero-column, then det(B) = o

* If column j has exactly one non-zero entry, the structure of Figure 58 occurs.
Compute det(B) with development along column j and apply induction as-

Figure s8: Matrix structure for induction step, case 2

sumption.

* Every column has two non-zero entries. Let j be an arbitrary column index.
IS
i€R ieT

It follows that rows of B are linearly dependent. Hence det(B) = o.

Remarks:

* Determination of total unimodular matrices is solvable in polynomial time with O((n+
m)* min (m,n)) algorithm of Seymour.

» Conditions by Heller and Tompkins are also required for A € {o,+1}"" with at
most two non-zero entries per column.

17.3.1  Examples

* Vertex-edge incidence matrices of digraphs are total unimodular according to Theo-
rem 11s. Let G be digraph (ay.) : A € {o, +1} VO XIEG)]

o vNe=10
Aye =41 e=(v,?)

-1 e=(2,v)
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Partitionis R = V(G)and T = 0.

* Vertex-edge incidence matrices of complete bipartite graphs:

A B

Figure 59: Example edges and vertices

|Al=n  B=m (JA|+|B])X|E(G)|

(av,e) = A = {o,+1}

1 env#{}
ay.e =

o else

€1,€5 v €m . €mi1y e €xm €me - €nm
11 1
A 11 1
11 1
1 1 1
B 1 1 1
1 1 1

Figure 6o: Example edges and vertices matrix

This lecture took place on 19th of January 201s.

Theorem 116. (Corollary by Hoffman and Kruskal) Let A be total unimodular with A €
{o, £1}"™*",
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1. Then it holds that

P, ={xeR":Ax < b,x > o}
n m p ’
VeeZ',Vbez™: Py ={yeR™:A'y >c,y >0}
P, and Py are integral.
2. PolyederS:{xeR":l_)SAxSZ,onSd}isintegralifQ,ZeZm and d €
zn.

Proof. Define restrictions:

Identity matrix n X n:

A b
S=3xeR":[-A|lx<|-b|l,x>0
1 d

A total unimodular = A| — A tum.

A total unimodular = A|/ tum } also holds of transposed matrices

Definition 1r7. A matrix X = (x;;) € R"™" is called double-stochastic if
. Z;’:Ix,-j =1VYie {I,. . .,n}

. Zf.‘:Ix,-j =1Vje{y,...,n}

cx21Vijed{y...,n} x{1,...,n}

Definition 118. The polyeder (polytop)

Py = (x,'j) e R™" :inj = I,Zx,'j =LXjj 20

i J

is called alignment polyeder (dt. ,,Zuordnungspolyeder”, set of all double-stochastic matri-
ces). Matrix of restrictions of Py is total unimodular (Heller and Tompkins = Py is inte-
gral).

& corners of P4 are integral

& corners of Py are permutation matrices

¥V x € Pa : dvector (@e)eccorner(P ) Such that x = E a, Y,
——
eccorner(Py) cotner

...which is the convex comination of the corners.

Ae =1 @, > o VYe € corner(Py)

eecorner(P4)
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1111
n 1111
1111
1 01 o
n 1 1
1 1
0 110 1
~— —
nZ

Proof. We now what to prove corners of P4 & P4 are permutation matrices.

= trivial

& Let X™ = (x;rj‘?) the permutation matrix for the permutation 7,. Hence,

1 mw(i) =7 ..
x;rj?z{o CIZZ) J Yi,je{s,...,n}

X7 is double-stochastic = X7 € P4 = X7 is convex combination of the corners

of Pu.
= da, > o V71 € S, with Za,, =1, X" = Z X"
neS,
where 7 € S, is (by convention) the set of permutations over {1,. . .,n}.

Goal. Show that @, = 1 (all others are in @ = 0) = 71, is a corner.
o _ T
K= ) andl
neS,
Let j # 7, (i) then it holds that
o= Z ArXij =>a7rx;rj =OV7T, Vi,j=>a/7r =0
eSSy,

If n(i) = j, then
x7.rj =1 a;=o0

Vi,j € {1,...,n}itholds that

7o(i) # ] _
7(i) = j }:”’””“’

Followingly ¥ m # m,, it holds that @z = o because i € {1,2,...,n} with 7, (i) #
n(i).
Let j = n(i). Then j # m,(i). Apply

7o(i) # J _
x(i) = j }:”’”“’

with thesei and j. = @, = 1. T, muss be contained in sum = 7, must be corner.
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Theorem 9. (Theorem by Birckhoff) The permutation matrices correspond to the corners
of an assignment polytop and every double-stochastic matrix can be represented as convex
combination of permutation matrices.

matching number, vertex cover number, edge cover number, edge incidence number, stabil-
ity number

matching number
PHG) := max{IMl : M matching in G}

vertex/node cover number
v(G) :=min{|Y|: Y € E(G),Y is vertex cover in G}

edge cover number
{(G) :=min{|Y]|:Y C V(G),Y is vertex cover in G,
VYee E(G)dveY:enV + 0}

stability number
@(G) := max {|S] : Sisstablein G}

Definition 120. S € V(G) is called a stable set or independent ser if Yu,v € S : (u,v) #
E(G).

Let A be total unimodular with A € R™*"_ Consider

P, = max{ltx tAx <1,x € Zf} = min{lty ATy >1y€ ZT}

: D,

D,

P, .= min{ltx tAx >1,x € Zf} = max{lty ATy <Lye Z’f}

...where 1’ represents a vector (1,1,. . .).

Let G be a bipartite graph and A be a vertex incidence matrix of G.

A€ {o.}|VOKIEG)

max Z Xp Z AyeXe < 1,%0 € Zy Ve € E(G)

e€E(G) e€E(G) xe€{og}  VveV(G)

= min Z Yy : Z AveYy 2 1Yy € Zs, Vv € V(G)
veV(G) vev(G) yvelon})  VeeE(G)

X and y, will be 1 or o, because we are minimizing.

Construct YV x, matching M withe € M < x, = 1. P, corresponds to max-cardinality
matching problem.

Observation. The optimal solutions y* of D satisfy y;, € {o,1} Vv € V(G).
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For D,, Ye € E(G) withe = (v,,v,) :

Z AyeYy 21 AyeYy, + AyeYy, = Yy, T Yy, 21
veV(G)

So every valid solution of D, = {.. .yv € {o,1} Vv € V(G) ...} corresponds to an edge
cover.

Optimal value of P, = #(G) is the optimal value of D, (D)) = £(G).

P, := min {le :Ax > Lx € {0,1}”} = min {Itx :Ax > Lx € Zﬁ}
asin D, = D, where n = |E(G)].

Vv eV(G): Z AyeXe > 1
VeeE(G)

Vv e V(G) : Z AyeXe > 1
ees(v)
so at last 1 edge per vertex is incident with v.
Valid solutions of P, are vertex covers.
Target function value corresponds to the cardinality of the vertex cover.

Optimal target function value of P, =6(G) = cardinality of small vertex cover.

D, :max{r'y: A'y <1y € Z!
~——
€{o,1}""

wheren = |V(G)|

Ve=v,ve € E(G) Z Ayeyy 1
veV(G)

S AyeYy, T AyeYy, =Yy, t Yy, <1

Every valid solution of D, (D,) corresponds to one stable set and the target function value
corresponds to its cardinality.

opt(D,) = a(G) = {(G) = opt(P,)

18 Matroids

A family of sets (E, F) consists of a finite ground set E and a family F of subsets of E. (E, F)
is called independence system (IDS, dt. UAS) if

M OeF

M, LetY € F. Thenitmusthold that, VX CY : X € F
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The elements of F are called independent. Let A C E. If A ¢ F, then A is called dependent.
Inclusion minimal dependent sets are called cycles. Inclusion maximal independent sets are
called bases. ¥ X C E we define a rank of X:

rank(X) :=max{|Y|:Y C X,Y € F}

= only independent subsets of X.
¥ X C E define a closure of X, o-(X) with

o(X) :={y € E: rank(X U{y}) = rank(X)}

Example. Let G = (V, E) be agraph. E = V(G).

F:={F c V(G) : F isstable}
This lecture took place on z0th of January 2015.

18.1 Maximization problem for IDS

Given. IDS (E, F)andc: E -» R
Find. Determine F* € F with F* = argmaxp _(c(F))

F is specified by a (polynomial) IDS-oracle, which is an algorithm solving the question “Is a
given F C E independent?”.
18.2  Minimization problem for IDS

Given. IDS (E, F)andc: E - R
Find. Determine base B* of IDS with ¢(B*) = minp,s ge(£, F) ¢(B)
This problem is NP-hard.

The (polynomial) base-superset-oracle is used to solve the question “For F' C E, is there
some B C F the basein (E, F)?”.

19 Examples

19.1 Max-Weight Stable Set Problem

Given. G = (V,E) graph
Find. Determine a stable set S € V(G) with maximum | S|
This problem is NP-hard.

E=V(G) F={FCE=V(G):Fissuble} c=1
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19.2  Travelling Salesman Problem
Given. G = (V,E) graph, ¢ : E(G) — R,

Find. Hamiltonian cycle with minimum weight

E = E(G) F= {F C E(G) : F is subset of hamiltonian cycle}
¢ as above.

Hamiltonian cycles are bases of (E, ). NP-hard problem.

19.3 Shortest-Path Problem
Given. Digraph G = (V,E),c : E(G) = R_.{s.1} € V(G)*
Find. Determine a shortest s-t-path
E = E(G) F = {F C E : F is subset ofs-t—path}

Can be solved in polynomial time.

19.4 Knapsack Problem

Given.n € N,¢;,w; > o,V¥i € {1,2,...,n},W > o0
Find. Determine T C {1,2,...,n} with > ,;er w; < W, >;cr ¢; — max

Type. NP-hard problem.

E={12,....n} F::{FQE:ZwiSW}

ieF
c as above.
19.5 Minimum Spanning Tree Problem

Given. G = (V, E) is valid graph ¢ : E(G) — R, graph is connected
Find. Spanning tree T with minimum weight

Type. Minimization problem. Polynomial time solvable.

E = E(G) F :={F Cc E(G) : F is forest}

The bases of (E, F) = spanning trees.

19.6 Maximum Weighted Forest Problem

Given. G = (V,E), c : E(G) > R
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Find. Forest F' in G with maximum weight ¢(F) = 3, cg(F) c(e)
Type. Maximization problem. Polynomial time solution.

¢ as above.

E = E(G) F = {F C E: Fisedgeset ofaforest}

19.7  Maximum Weight Matching Problem

Given.G = (V,E),c: E(G) - R
Find. Matching M with maximum weight c(M) = }.cps c(e)

E=E(G) F:={FCE:Fismatching}
¢ as above.

Definition 121. An IDS is a matroid if

M3 VX, Y e F:|X|>|Y|=>3dx e X\ YsuchthatY U {x} € F

Theorem 122. The following IDS are matroids

1. Eis set of column vectors of a matrix A over an arbitrary field K.

F = {F C E : vectors of F are linearly independent in K } “yector matroid”

Y = {col;,col,,...colg} ¥V € F

X = {col,col,,...,coli p € F 1>k
—_—

linear indep.

Consider X UY: rank(X UY) > [ and rank(Y) = k < rank(X UY). Then it follows
that

Fvectorv € X UY withY U {u} linearly independentv € X \ Y

2. IDS of exercise 6. “Graphical matroids”. X,Y forestsin G : |X| > |Y]| with (M3)
condition. Show that dx € X : Y U {x} is forest.

Assumption: Yx € X : Y U {x}isnota forest & x is in a connected component of
YVxeX.

= every connected component of forest X is a subset of a connected component of
forest Y.

Forany G = (V, E) if G is cycle-free it holds that

|connected components‘ =|V(G)| - |E(G)]

p = |connected components ofX‘
a=|

connected components of Y|
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p=4q
p=1V(GO|-IX] = |V(G)I|-IY]|

Asfaras|X| < |Y], thisis a contradiction.

Tree number of connected components = n — (n —1).

Forest number of connected components = |V(G)| — | E(G)| if G is cycle-free.

3. “Uniform matroid”.
E=A{e,...,eny F:={FCE:|F|<k}
with k € N. (M3) is trivial to show.
4. G = (V,E)isgraph. § C V(G) stable. Vs € § : ky € N.
E=EG) F:={FCEG):0r(s)<ksVseS}

F={(12),13),4s). D}
F={(12),13),(4,5),(4,3)}

2 3
-//——/5\\\
1 —

Figure 61: Example for Theorem 122 bullet point 4. k, = 1,ky = 2,k =1

See figure 61.
(M3)X,Y € F: |X]| > |Y].

S ={s€S:oy(s) =k}

IX|>|Y]and 6x(s) < ks Vs €S

to show

——= deecS\Ye¢gd(s)Vses
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S|s'

2
3 :
SI
\k
° 2 i
S|s' S'
If such an edge exists, we can append it.

=>YU{e}eF

o show
Assumption: 222 does norhold: Ve € X \Y:As€e S :e€bs)

= |X| = Z Sx(s) < Z ks = Z Sy(s) = Y]

seS’ seS’ seS’

X <1Y]
Contradiction to the assumption.
s. Let G = (V,E) beadigraph. S C V(E). ks e NVs € S. E = E(G).
F={F CE:6.(s) <k}

(M3) analogous as in the previous item #4, but replace ¢ with ¢~. Stability is relevant
for the rational in item #4, but because a direction is given here, it is not required.

Theorem 123. Let (E, F) be a IDS. Then the following statements are equivalent:
Msz: Lete X, Y e F,|X|>|Y|=3dxeX\Y YU{x}eF
M3 Let X, Y € F,|X|=|Y|+1=>3dx e X\Y YU{x}€eF

M3”: Forevery X C E the bases of X have the same cardinality.
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Proof. We show M3 & M3’, M3 = M3” and M3” = Ms.

M3 © M3’ trivial.
M3 = M3” Let B, B, be bases of X =
- B,B,€eF
- B,B,CX
- B, and B, are inclusion maximal independent

Assumption. | B;| > | B, |. From M3, it follows that 3b € B, \ B, : B, U {b} € F. So
it follows that B, is not a tree (contradiction).

M3’ = M3 LetX,Y € F:|X| > |Y|.Showthatdx € X \Y : Y U {x} € F.

(M3")
Consider X UY . IsY abase of X U Y? No. Assume thatY isbaseof X UY — all
bases of X U Y have cardinality = |Y].

Consider X € X UY, X € F. X is not inclusion maximal because otherwise it would
be a base and hence | X | = |Y| which is a contradiction.

=>3IX2XwithXe FFXCXUY

X is analogously not a base. Can (again) be extended until a contradiction occurs,
because E is finite.

Y is not a base

= Y isnotinclusion maximal independentin X UY
= Y isindependent extensiblein X UY
= dee (XUY)\Y=X\Y YU{e}eF.

Let X =e.

Definition 124. Let (E,F) bealIDS. ¥ X C E the lower rank is defined as p(X) where

p(X) =min{|Y|: Y C X, Ye FFYU{x}¢FVxeX\Y}
:= min {|B]| : Bisbaseof X}

The rank of X (rank(X)) isdefined asmax {|Y|: Y C X,Y € F}.
The lower rank function f : 2F — Z, with f : x = p(x).

The rank quotient of (E, F) is defined as ¢(E, F) = minx cg px)

r(x)*

Example.
G = (V.E).E = E(G),F = {M C E : M matching}

p(E) = ‘smallest inclusion maximal matching‘

r(E) = |largest matching|
p(E) <r(E)
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r(E) =3 P(E) =2

Figure 62: Rank example

This lecture took place on 26th of January 2o15.

Theorem 125. Let (E, F) be an IDS. Then it holds that g(E,F) < 1. Furthermore iff
q(E,F) = 1then (E, F) is a matroid.

Proof.
_ . pA)
q(EF) = min T8 <1
because p(A) < r(A)YACE.
_ p(A)
qg(E.F) =16 A =1YACE

& p(A) = r(A)VACE & M3"
all bases of X have the same cardinality. O

Theorem 126. (Hausmann, Jenkyns, Korte, 1980) Let (E, F) bean IDS. If VA € F Ve €
E, AU {e} contains at most p cycles, then it holds that

g(E.F) > ~
o
A proof for Theorem 126 is not provided.

19.8 Additional matroid axioms

Theorem 127. (bases) Let E be a finite set and B C 2. Family B is the set of bases of a
matroid if and only if the following base axioms are satisfied

(Br) B#0
(B2) VB,B, € Bandx € B,\ B,:3dy e B, \ B, with(B,\ {x})U{y} € B.

If (B,) satisfies (B,), then (E, F) is the matroid with base set ‘B where

F={FCE:3B e Bwith F C B}
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Example. Let G = (V,E) and is connected. Then the bases are its spanning trees. The

graphical matroid M (G) is given.

(B1)
(B2) LetT, and T, be spanning trees. x € T;\ T,. {v} U (T} \ {x}) is a spanning tree again.

X }’ETZ\Tl

N

Figure 63: Example. y connects both connected components

Theorem 128. Let E be a finite setand r : 2¥ — Z,. Then the following 3 statements are
equivalent:

* r is the rank function of a matroid (E, F) (with F = {F C E : r(F) = |F|}).

+ ¥ X,Y C Eitholds that

(Rn) r(X) < |X|
(R2) XCY=r(X)<r®)
(R3) r(XUY)+r(XnY) <r(X)+r{) (submodular)

* VX C Eand x,y € Eitholds that
(R) r(@) =0
(R2’) r(X) <r(XU{y}) <r(X)+1
R3) r(XU{x}) =r(Xu{y}) =r(X) = r(XU{x,y}) =r(X)
Example. M (G). G is connected.

(R1) X C E(G).r(X) = Z?:I(ni — 1) where g is the number of connected components
of (V(G), X) and n; is the number of vertices in the i-th connected component of

V(G),X). .
IX] > r(X)  where |X|=Zhi

(R2) X CY = r(X) <r(Y).

F C X; is cycle-free in (V(G), X) implies F is cycle-free in (V(G),Y).
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=

X

rXu {x})=10

Figure 64: Example for (R2’)

~
A

(R3) y

Figure 65: Example for (R3’)

(Rr’) done
R2) r(X +{x}) <r(X) +1

Theorem 129. (Closure) Let E be a finite set with r : 2F — 2. o is the closure function of

amatroidif VX,Y C Eand VY x,y € E it holds that

(S1)) X € o(X)

(S2) X CY = o(X) C o(Y)

(83) o(o(x)) = o(x)

84) y¢goX)Ayeo(XU{xh]=xea(XU{y}H

Example. M (G) with connected G. G = K,

q
o(X)=\/ EC)

where g is the number of connected components of (V(G), X) and ¢, to ¢4 are the connected
components of (V(G), X).

Theorem 130. (Cycles) Let E be a finite set and C € 2E. C is the set of cycles of an IDS
(E,F)with F := {F C E : AC € C with C C F}if and only if the following conditions are
satisfied:
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/N

Figure 66: Example for S* statements

r(X)=10

(Cr) 0gC
(C2) VC.C,eC:C CC =C=C,

Furthermore for the set C of cycles of an IDS it holds that:

a) (E,F)isamatroid

b) VX € FVe € E: X U {e} contains at most one cycle. Denote this number of
cycles as C(X, e). If no cycle exists, let C(X, e) = 0.

where a & b.

Furthermore this statement is equivalent b)

(C3) VC,C, e CwithC #C,Yee C,NG,,3AC, € CwithC, C (GLUC,) \ {e}

(C4) VC.C, € C,¥e e CNG, Yf € C\C,existsC, € Cwith f € C, C
(GUG)\{e}

Example. M (G) and G is connected. Cycles in M (G) are cycles in a graph-theoretical sense

(Cr) trivial
(C2) Cycle does not have proper subset which is cycle again.

b) X is cycle-free because X € F. One additional edge gives at most one cycle.

19.9  Duality of matroids
Let (E, F) be an IDS. The dual of (E, F) is the family of sets (E, F*) with

F* :={F C E : Abase of (E,F) such that F N B = 0}

Question. Is (£, F*) an IDS? Yes.
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(G3)
Figure 67: Example for (C3)
f
(C4)

Figure 68: Example for (C4)

(M1) @ € F* Y base Bof (E,F)itholdsthatd N B =0

|
(M2) YEF*:XCY=>XCF*
From Y it follows that Jabase Bof (E,F): Y NB=0=>XNB=0= X € F*

Hence a dual of an IDS is an IDS.

Theorem 131. It holds that (E, F**) = (E,F)

def
Proof F € F** & Abase B in (E,F*) with F N B* = 0. & 3 base B in (E, F) with
B*=B¢and FNB® =0hence FCB& Fe F

Claim. B* base of (E, F*) & dbase Bof (E,F) : B* = B¢

def
Proof. B* base of (E,F*) = B* € F* S Abase B of (E,F)
= B* C BC. Assume that 3x € B¢ \ B*. Then B* U {x} C B€
def
= (B*U{x})NB =0 = BN {x} € F*. This contradicts with B* is a base of (E, F*).

Hence B* = B€. ]

Theorem 132. B* base of (E, F*) & dbase B of (E, F) with B* = B€ and (E, F*) its dual.
Let r and r* be the corresponding rank functions. Then it holds that

17



a) (E,F)isamatroid © (E, F*) is matroid

b) If (E, F) is a matroid, then it holds that r*(F) = |F|+ r(E\ F) —r(E)YF C E
Example. (M(G))* = M(G*) VY G planar. A dual graph contains one vertex per area and
1 infinite area. An edge between 2 new vertices is created, if they are neighbors (share one

edge). (M(G))* = M(G*) ¥ G planar.

G=(V,E) planar
Figure 69: Duality for Theorem 132

This lecture took place on 27th of January z01s.

Theorem 133. Let G be a connected planar graph with an arbitrary planar embedding. Let
G” be the planar duality of G. Let M (G) be the graphical matroid of G. It holds that

M*(G) = (M(G))" = M(G")

Furthermore G is planarifand only if (M (G))™ is graphical; hence if a graph G’ with M (G”) =
(M(G))* exists.

If G is planar, then G’ is isomorphic to a planar embedding of G*.

19.10 The greedy algorithm

Let (E,F)bealDSand ¢ : E — R, (without loss of generality). A maximization problem
is given by max {c(F) := Y .cpc(e) : F € F}.

Definition 134. 2 oracles O, and O, are called equivalent if O;(0,) can be simulated by a
polynomial algorithm using an Oracel O, (O,) (in both directions!).

Let O, be an independent oracle. Let O, be a base superset oracle. For general IDS O, and
0, are not equivalent.

19.1  IDS for TSP on K, (complete graph)

E are edges and F is the subset of Hamiltonian cycles.
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Algorithm r7 BEST-IN greedy algorithm
Given. IDS (E, F), independent oracle, ¢ : E — R,
Find. An independentset F € F
r Sortedges E = {e,,e,,...,e,} suchthatc(e;) > c(e,) > ... > c(e,)
2 F = 0
3: forifrom1tondo
4 if FU {e;} € F then

50 F:=FU({e}
6: end if
7. end for

Algorithm 18 WORST-OUT greedy algorithm

Given. AnIDS (E, F) is given by base supersets oracle (does given set contain a base?)
Find. B base of (E, F)

r Sortedges E = {e,,e,,...,e,} suchthatc(e;) > c(e,) > ... > c(e,)
2 F = E

3. forifrom1tondo

4 if F|{e;} contains base then

5: F:=F|{e;}

6 end if

7. end for

O, is polynomial? F' € F (TM Hamiltonian cycle) & degr (v) < 2 and no subcycles can be
computed in polynomial time

O, is polynomial? (Base OM oracle) F' < E(K,). dbase B of (E,F) with B C F? Bases
are Hamiltonian cycle. Hence not polynomial. Contradiction. Is actually NP-hard.

One direction O, is simple. O, difficult... other way also possible?

IDS for shortest s-t-path system (F are edges in s-t-path (parts of the path; base is complete
path)). O, is polynomial? F' C E(G) is there a base B with B € F? Hence “Does some
s-t-path exist in (V(G), F)?”. Polynomial behavior follows.

O, is polynomial? F C F: Is F independent & “F is subset of a s-t-path in G?” This is
NP-complete problem and hence likely not polynomial (Korte and Monna, 1979)

O, and O, are for general IDS in complexity independent of each other.

Remark. If (E,F) is a matroid, then O, (rank oracle) and O, (closure oracle) equivalent
under each other. But don’t have an equivalent base oracle (oracle for determination of an
dependent TM with minimum cardinality)

Theorem 135. (Jenkyns, Korte, Hausmann, 1978) Let (E,F) beanIDSand ¢ : E — R..
Denote G(E, F,c) as the costs of a solution determined by the BEST-IN-GREEDY algo-
rithm. Denote OPT(E, F, ¢) as the costs of an optimal solution (both for the maximization
problem the GREEDY-IN algorithm is tackling).

Then it holds that

G(E,F,c)

EF) <29 o ye ESR
UEF) < GorE Fooy ——t Ve B Ry
trivial
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Furthermore the best lower bound is Ac : E — R, with g(E,F) = %

Proof. E = {ey,e,,...,e,} withc(e) > c(e,) > ... > c(e,). Let G, be the solution de-
termined by BEST-IN-GREEDY and O,, be an optimal solution. Let E; = {el,e,_,. ..e },
Gj =G, N Ej, Oj =0, ﬂEj Vj=o,1,...,n Letdj = c(ej) —C(€j+1) >oVj=
L...,n—1and d, = c(e,).

- Vj:0jeF=|0]<rE)

* G is base of E;j. Hence G| is inclusive maximal independent submatrix of E;, oth-
erwise EIG_j 2 Gj withG_j C E; (where E; = {el,. ..,ej}) andG_j € F. This
contradicts with the way BEST-IN-GREEDY works.

|G| = p(Ep)

_opX)  px)
9(E.F) = min T <0

o(X) > g(E,F)r(X)VX CE

n

G(E,F,c) = c(G) = ) (|Gj|=|Gj]) clepp= D elep)
= 1or o depending on e ¢j€Gn

= (1Gil = 1Gol)e(e) + (1G] = 1GiDe(e,) + ... + (IGnl| = |Gnal)c(en)
=0

=Gl (c(e) = c(e)) +1G. (c(e,) + ce)) +... +Gnl clen)
———— ~——

————
d, o dn

n n n
= 2.[Gi|d; = X p(Epd; = a(E.F) Y r(E)d;
= J=1 Jj=

2 |0:](c() =c(2)) +...+|0n|clen) = 0| c(er) + (|0.] = |O:D)c(es) + ... + (10n]| = [On—])c(en)

> q(E,F) Z ()0j| - \01'—1 )C(ej)

J=t

G(E.F.c) _ c(Gy)
OPT(E.F.0) o0, = 1ED

|0j =0+
Furthermore we also show now that thebound g(E, F) isoptimal: Let F € E withg(E,F) =

’r)((g = minycg %. Let B, and B, bases of F such that | B,| = r(F) where r is the cardi-

nality of the greatest independent submatrix and | B,| = p(F). Letc : E — R, with

E(e):{l eeF

o else

is again either o or 1 depending on existence of j in Oj4; ... Op.
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BEST-IN-GREEDY: Sort E = {e,,...,e,} with¢(e,) > c(e,) > ... > ¢(e,) where
B, ={ey,...,e|p,|}. Thisreturns B, (because e,, . . . , €|, must be connected first and B, is
base and therefore has maximum cardinality). Then G(E, F,¢) = | B;| = p(F).

OPT(E,F,c) = |B,| = r(F)

r(F) is the cardinality of a maximum independent set. The weights are 1. 7(F) is optimal.

p(F) _ G(E.F,0)

r(F) OPT(E,F,?)

= the smallest g(E, F) is always achieved by at least one c.

Theorem 136. (Edmonds, Rado, 1971) An IDS (E, F) is a matroix if and only if the BEST-

IN-GREEDY algorithm provides an optimal solution for the maximization problem V¢ :
E — R,.

q(E,F) =

Proof. From Theorem 135 it follows that

G(E,F,c)
E,F)x —————— <1VYc:E—>R
WEE) < SprpFo StV Eo R
From Theorem 125 it follows that (E, F) is matroid © ¢(E,F) = 1. Because the lower
bound is always reached, it follows
G(E,F,
(E,F) is matroid & m =1VYc:E— R+

]

Remark. For matroids, minimization and maximization problems are equivalent. Hence the
maximization problem handled by the GREEDY-IN algorithm is equivalent tomin {c(B) = },,cp c(e) : Bisbase of (E,F)}
wherec(e) = M — c(e) with M = maxecg |c(e)| + 1.

Theorem 137. (Edmonds 1971, polyedric representation) Let (E, F) be a matroid and r :
E — Z, be a rank function. Then the matroid polytop P(E, F) (convex hull of incidence
vectors of all independent sets) is given by:

P(E,F) = {x eRE . x> O,er <r(A)YAC E}
eeA

FeF xF (e)
——
incidence vectors

We conclude: xF € P(E,F)VF € F.

eF
={I ¢ S af = 1AnFI < rA)

o else =

Example. P(M(G)) is the graphical matroid of the graph connected components.

P(M(G)) = {x e RIEO} . x > o Z Xe Sn—1 VAC E(G),er —n-1A=EG)

eeA eeA
|
independent of components of M (G) are forests
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active vertex (Push-relabel algorithm), 44
alignment polyeder, 113

almost perfect matching, o1

alternating forest, 96

Alternating path (matchings), 85
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Augmenting path (matchings), 85

b-flow, 60

barrier, 93
Bottleneck edge, 40
branching, 12

contraction, 17

deficiency, 101
demanding vertex, 6o
double-stochastic matrix, 113

edge cover number, 115
even vertices, 96

factor-critical graphs, o1

graphical matroid, 119
ground set, 116

independence system, 116
independent set, 115
integral polyeder, 106

MA-order, 57
Matched vertex, 84
Matching, 84
Matching number, 84
matching number, 115
matroid, 116

bases, 117

cycles, 117

lower rank, 122

rank, 122

rank quotient, 122
Maximal matching, 84
Minimum vertex cover, 84

odd vertices, 96
offering vertex, 6o

Perfect matching, 84

Polyeder, 106

polynomial runtime, 7

polynomially computable function, 8
preflow, 44

residual network, 32

stability number, 115
stable set, 115
strongly polynomial, 8

Theorem by Tutte, 93
total unimodular matrix, 106
Tutte theorem, 93

Uniform matroid, 120
unimodular matrix, 106

Vertex, 84
Vertex cover number, 84
vertex cover number, 115

weakly polynomial, 8

132



	1 Course organization
	2 Introduction
	2.1 A generic combinatorial optimization problem
	2.2 Possible common cost models
	2.3 Problem 1: Drill machine problem
	2.4 Problem 2: Scheduling problem

	3 Partial enumeration
	3.1 Working principle
	3.2 Algorithm efficiency

	4 Analysis of algorithms
	5 Spanning trees and arborescences
	5.1 Minimum spanning tree problem (MST)
	5.2 Maximum weight forest problem (MWF)
	5.3 Equivalence of problems
	5.4 MST and MWF are equivalent
	5.4.1 Reduce MWF to MST
	5.4.2 Reduce MST to MWF
	5.4.3 a b
	5.4.4 b c
	5.4.5 c d
	5.4.6 d a

	5.5 Kruskal's algorithm
	5.6 Prim's algorithm

	6 Number of spanning trees
	6.1 Minimum Weight Arborescence Problem (MWA)
	6.2 Minimum Weighted Rooted Arborescence Problem (MWRA)
	6.3 Maximum Weighted Branching Problem (MWB)
	6.4 Equivalence of MWA, MWRA and MWB
	6.5 Edmonds' branching algorithm

	7 Shortest path problems in graphs
	7.1 Single source shortest path problems (SSSP)
	7.2 Dijkstra's algorithm for SSSP
	7.2.1 Analysis

	7.3 Moore-Bellman-Ford algorithm
	7.3.1 Analysis


	8 Potential
	9 All Pairs Shortest Paths Problem
	9.1 All pairs shortest paths problems (APSP)
	9.2 Floyd-Warshall algorithm

	10 Cycles with minimum mean edge weight
	10.1 Minimum mean-cycle problem (MMC)
	10.2 Algorithm for minimum mean cycle problem

	11 Network flows
	11.1 Definition
	11.2 Maximum flow problem (MF)
	11.3 Example: Job assignment problem
	11.4 Maximum-flow problem (cont.)
	11.5 Algorithm by Ford & Fulkerson
	11.5.1 Analysis

	11.6 Edmonds and Karp algorithm
	11.6.1 Runtime analysis

	11.7 Blocking flows and Dinitz's algorithm (1970)
	11.8 Goldberg & Tarjan: Push-Relabel algorithm
	11.9 Minimum-capacity cut problem
	11.10 Gomory-Hu algorithm
	11.11 Minimum capacity of a cut in an undirected graph / MA-order

	12 Flows with minimum costs
	12.1 Minimum cost flow problem (MCFP/MKFP)
	12.2 The transportation problem
	12.3 An optimality criterion
	12.4 Minimum-mean cycle cancelling algorithm
	12.4.1 Analysis of MMCC


	13 Successive shortest path algorithm
	13.1 Initial flow for successively shortest path algorithm
	13.2 Successively shortest path algorithm

	14 Time-dependent dynamic flow
	14.1 Max-Flow-over-time problem (MFoTP)

	15 Matchings
	15.1 Definitions and optimality criterion
	15.2 Matchings in bipartite graphs
	15.3 Theorem of Tutte

	16 Blossom algorithm
	16.1 Using Edmonds Blossom Algorithm to determine a matching with maximum cardinality

	17 Weighted matching problems and complete unimodular matrices
	17.1 Weighted matching problems
	17.2 The MinWPMP in bipartite graphs
	17.3 Definition of the assignment problem as (MI)LP
	17.3.1 Examples


	18 Matroids
	18.1 Maximization problem for IDS
	18.2 Minimization problem for IDS

	19 Examples
	19.1 Max-Weight Stable Set Problem
	19.2 Travelling Salesman Problem
	19.3 Shortest-Path Problem
	19.4 Knapsack Problem
	19.5 Minimum Spanning Tree Problem
	19.6 Maximum Weighted Forest Problem
	19.7 Maximum Weight Matching Problem
	19.8 Additional matroid axioms
	19.9 Duality of matroids
	19.10 The greedy algorithm
	19.11 IDS for TSP


